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Résumé en français 
 
“ Conformations and Acid/Base Properties of an Isolated Weak Polyelectrolyte and in the 
Presence of Oppositely Charged Nanoparticles. Monte Carlo Simulations.” 
(english title) 
 
“ Conformations et propriétés acide/base d’un polyélectrolyte faible isolé et en présence de 
nanoparticules de charge opposées. Simulations Monte Carlo. ” 
(titre en français) 
 
Ce travail de thèse porte sur le développement et l’utilisation de simulations numériques par 
méthode Monte Carlo pour l’étude des conformations et des propriétés acide/base de 
polyélectrolytes faibles dans différentes conditions physico-chimiques.  
Les polymères constituent l’une des trois grandes classes de matériaux avec les métaux et les 
céramiques. L’importance des polymères dans la conception et la fabrication des matériaux 
avancés pour les technologies de pointe ne cesse de croître en raison de ses nombreux 
avantages (performance, coût, polyvalence, facilité de mise en œuvre, légèreté, etc.). Les 
polymères chargés, aussi connus sous le nom de polyélectrolytes, constituent une classe 
commune et fascinante de polymères.  
Les polyélectrolytes font l’objet d’un grand nombre d’investigations scientifiques, non 
seulement à cause de leurs grands potentiels industriels, mais également d’un point de vue 
purement scientifique. Les interactions électrostatiques entre les monomères chargés 
conduisent aux riches comportements des polyélectrolytes en solution qui peuvent être très 
différents des polymères neutres.  
 
Les nanoparticules sont des particules dont la taille est comprise entre 1 et 100 nanomètres 
dans au moins deux dimensions. Elles ont un intérêt à la fois fondamental et appliqué. Elles 
sont très étudiées actuellement en vue d’applications industrielles massives et également dans 
le cadre de leur potentiel impact sur l’environnement. Les polymères peuvent être utilisés 
pour stabiliser ou fonctionnaliser des nanoparticules. La présence d’une ou de plusieurs 
nanoparticules de charge opposée perturbe grandement les propriétés d’un polyélectrolyte. 
L’un des buts de ce travail de thèse est de démontrer dans quelle mesure la formation de 
complexes modifie les propriétés acide/base de la chaîne.  
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Le chapitre I situe l’étude dans son cadre général. La liste des sept publications originales qui  
constituent la base du travail de doctorat y est présentée. Elle est accompagnée par une 
seconde liste de publications non-incluses dans ce travail de doctorat. Cette seconde liste 
invite le lecteur à découvrir ces travaux étroitement liés au sujet du travail de thèse.  
 
Dans le chapitre II, le travail se concentre sur les notions de polymères, polyélectrolytes et 
nanoparticules. Des définitions et des exemples y sont donnés. Nous discutons tout 
particulièrement de la conformation d’une chaîne de polymère. Une des dimensions les plus 
utilisées pour caractériser la conformation d’une chaîne de polymère, et ainsi avoir une 
estimation du déploiement de celle-ci, est la distance Ree entre les extrémités de la chaîne. Une 
autre quantité importante est appelée rayon de giration et mesure la distance au carré moyenne 
entre tous les monomères et leur centre de gravité. Le chapitre II insiste sur les propriétés 
conformationnelles d’un polymère neutre qui peuvent être décrites en termes de lois d’échelle 
de par la nature des interactions à courtes portées. Toutefois, dans le cas de polyélectrolytes, 
les propriétés conformationnelles dépendent d’un grand nombre de paramètres ; comme de la 
longueur d’écrantage de Debye-Hückel, de la taille de la chaîne et du phénomène de 
condensation des contre-ions. La littérature scientifique montre que celles-ci peuvent être 
étudiées à l’aide des simulations numériques.  
Dans l'utilisation d'un modèle théorique, il est nécessaire de simplifier un ou plusieurs 
paramètres ou propriétés du système à étudier. Le chapitre III présente le modèle de chaîne de 
polymère utilisé dans cette thèse. Un modèle de polymère de type coarse-grained est choisi. 
Ce modèle est assimilé à une succession de perles en contacts. Les perles représentent des 
monomères physiques et la présence de volume exclu est intégrée par le caractère 
impénétrable et dur des sphères. Ce modèle est dit générique car il est sans connections 
directes avec un polymère spécifique mais tient plutôt compte de caractéristiques communes à 
une classe de polymères. Dans ce travail de doctorat, le cas d’un polyacide est pris par défaut. 
Ainsi, selon le pH de la solution, un monomère peut être soit négatif soit neutre. En dernière 
partie de thèse, le cas d’un polyampholyte est considéré. Les monomères peuvent ainsi être 
neutres, chargés positivement ou chargés négativement.  
 
Le chapitre III traite brièvement de mécanique statistique, dont les notions sont indissociables 
des simulations Monte Carlo et de la méthode Métropolis Monte Carlo. Nous présentons 
également les potentiels retenus. Ainsi, l’énergie électrostatique entre deux objets (monomère 
et/ou nanoparticule) est calculée à partir d’un potentiel de Debye-Hückel. L’hydrophobicité 
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de la chaîne s’exprime à travers la variable εvdW et d’un potentiel Lennard-Jones 12-6. A 
travers la constante de rigidité intrinsèque kang et du potentiel de Hooke, il est possible de 
contrôler la rigidité intrinsèque du polymère.  
 
Dans le chapitre IV, nous discutons en détail des résultats concernant un polyélectrolyte isolé. 
Dans un premier temps, le cas d’un polyélectrolyte fort dans différentes conditions est abordé, 
ce qui permet de confronter le modèle avec la théorie. Les cas de polyélectrolytes flexibles, 
semi-flexibles et hydrophobes sont successivement décrits. Dans ce dernier cas, la 
conformation « collier de perle » est décrite plus en détails.  
Dans un second temps, le cas de polyélectrolytes faibles est étudié. A nouveau, les résultats 
obtenus pour des polyélectrolytes flexibles, semi-flexibles et hydrophobes sont 
successivement présentés. En utilisant l’équation d’Henderson-Hasselbalch pour établir la 
courbe de titration (dosage) de référence ou courbe idéale, les premiers résultats montrent 
qu’un écart important entre cette courbe et la courbe du polyélectrolyte faible flexible peut 
être observé. Cet écart augmente au fur et à mesure que la chaîne se charge. En effet, à cause 
de la connectivité des monomères le long de la chaîne, les monomères interagissent fortement, 
ils s’opposent à la création de charge au voisinage d’une autre charge et les pK0 associés aux 
monomères sont largement modifiés.  
 
 
Figure 1. Courbes de titration pour un polyélectrolyte faible flexible à différentes 
concentrations ioniques. Le nombre de monomères de la chaîne est fixé à N = 200. 
 
Dans la Figure 1, la concentration ionique est systématiquement modifiée pour déterminer 
l’influence des interactions entre monomères sur les courbes de titration. Dans le cas d’un 
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polyélectrolyte flexible, une augmentation de la concentration ionique signifie que le solvant 
écrante davantage les interactions électrostatiques. Ainsi, des polyélectrolytes dans des 
conditions identiques de température et de degré d’ionisation sont plus gonflés lorsque la 
concentration ionique est faible. A cause de cet écrantage des charges, ∆pK0, qui se définit 
comme la différence entre les pK0 intrinsèques et apparents à un degré d’ionisation de la 
chaîne donné, diminue avec l’augmentation de la concentration ionique.  
A cause des effets de tailles finies, une petite chaîne de polymère avec N=20 monomères 
montre un comportement très différent du cas où N=200. En effet, ∆pK0 augmente lorsque N 
augmente. Cependant, un comportement asymptotique est observé à N=200. Ce degré de 
polymérisation est celui utilisé par défaut dans la grande majorité des simulations présentées. 
Il a l’avantage de minimiser les problèmes de tailles finies tout en imposant des temps de 
calculs raisonnables. 
La Figure 2 présente les courbes de titration obtenues pour trois polyélectrolytes de flexibilité 
différentes : kang = 0.00, 0.001 and 0.02 [kBT/deg2]. Puisque l’augmentation de la rigidité tend 
la chaîne, l’ionisation de celle-ci est rendue plus facile. Ainsi, pour un degré d’ionisation 
donné,  ∆pK décroit avec l’augmentation du paramètre de rigidité intrinsèque.  
 
 
Figure 2. Courbes de titration pour des polyélectrolytes de flexibilités différentes mais avec 
des degrés de polymérisation identiques. La concentration ionique est fixe et égale à Ci = 
0.001 [M].  
 
Nous considérons le cas d'un polyélectrolyte flexible en mauvais solvant dans l’article I et 
nous commentons la compétition entre les deux forces antagonistes considérées, à savoir, les 
interactions électrostatiques qui provoquent l’extension de la chaîne et les interactions 
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attractives (hydrophobicité) qui provoquent un repliement de cette dernière, ce qui conduit à 
une grande diversité de conformations.  
 
 
Figure 3. Diagramme de phases pour différentes valeurs de εvdW en fonction de la différence 
pH-pK0 La concentration ionique est fixe et égale à Ci = 0.001 [M].  
 
 
 
Figure 4. Courbes de titration pour des polyélectrolytes hydrophobes. La concentration 
ionique est fixe et égale à Ci = 0.001 [M].   
 
Un diagramme de phases pour différentes valeurs de εvdW en fonction de la différence pH-pK0 
est établi pour une concentration ionique fixe (Figure 3). Cinq régions sont définies et 
correspondent aux conformations SAW (1), étendues (2), globulaire (3), cigare (4) et « collier 
de perle » (5). Puisque les interactions électrostatiques contrôlent la stabilité des 
conformations, la taille et les positions des différentes régions, il est également montré que le 
diagramme de phase dépend grandement de la concentration ionique.  
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Les courbes de titration sont également calculées (Figure 4). Dans tous les cas, ∆pK croit avec 
le degré d’ionisation et de grands changements sont observés en fonction de l’intensité des 
interactions attractives et des concentrations ioniques considérées. L’analyse du carré moyen 
du rayon de giration en fonction de pH-pK0 et de α montre que de grands changements de 
conformations s’opèrent pendant la titration. Ces cascades de changements conformationels 
produisent alors de grands changement des valeurs de α dans un petit intervalle de valeurs de 
pH-pK0.  
Après l’étude du polyélectrolyte faible et isolé, une nanoparticule sphérique de charge 
opposée est ajoutée à la boîte de simulation au chapitre V.  
Dans un premier temps, le cas d’un complexe formé entre une nanoparticule et un 
polyélectrolyte fort avec α = 1.00 est discuté. Dans un second temps, les résultats concernant 
la formation d’un complexe entre une nanoparticule et un polyélectrolyte faible sont 
présentés.  
Une fois adsorbée, l’attraction électrostatique entre le polyélectrolyte fort (α = 1.00) et une 
nanoparticule de charge opposée force la chaîne à se déformer pour recouvrir la surface. Pour 
de petites nanoparticules (rayon de courbure faible) ou de plus longues chaînes, la fraction de 
monomères adsorbés diminue et la conformation de la chaîne se rapproche de celle en 
solution. A l’inverse, pour des tailles de chaînes comparativement plus petites que la taille de 
la nanoparticule, on tend vers le cas limite de l’adsorption d’une chaîne sur un plan. Le 
changement de conformation maximum de la chaîne est déterminé pour un rayon de la 
nanoparticule dix fois plus grand que celle du monomère (Rnp = 35.7 [Å] = 10.Rm). 
 
 
Figure 5. Courbes de titration pour des polyélectrolytes hydrophobes. La concentration 
ionique est fixe et égale à Ci = 0.001 [M].   
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Considérant un polyélectrolyte faible, les rôles de la concentration ionique, du pH de la 
solution et de la densité surfacique de charge de la nanoparticle sont tout d’abord évalués. 
L’article II met en évidence deux effets compétitifs : i) les interactions attractives entre les 
monomères chargés du polyélectrolyte et la nanoparticule et ii) l’augmentation des répulsions 
électrostatiques des monomères avec le pH. L’analyse des courbes de titration démontre que 
la présence d’une nanoparticule de charge opposée modifie grandement les propriétés 
acide/base d’un polyélectrolyte faible (Figure 5).  
Comme illustré dans la Table I, les conformations peuvent dépendre fortement de la 
concentration ionique, de la valeur de la différence pH-pK0 et donc du degré d’ionisation.  
Il est important de remarquer dans la Table I qu’à pH-pK0 = -2.00 et Ci = 0.1 [M], aucun 
complexe ne se forme. 
 
Table I. Instantané des conformations obtenues pour les complexes formés d’un 
polyélectrolyte flexible et d’une nanoparticule.   
 
Les conditions dans lesquelles un complexe se forme sont plus clairement étudiées par le biais 
de la limite d’adsorption/désorption dans l’article III. D’une manière générale, la limite 
d’adsorption/désorption est fonction du nombre de contacts que la chaîne peut avoir avec la 
surface de la nanoparticule.  
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Figure 6. Limites d’adsorption / désorption en fonction du pH-pK0, de la densité surfacique 
de charge de la nanoparticule, de la concentration ionique et de la rigidité intrinsèque de la 
chaîne.   
 
L’examen de la fraction en monomères dans les trains, les boucles et les queues nous 
permettent de compléter les informations précédentes sur la conformation de la chaîne à 
l’interface. L’étude de la variation du nombre de monomères en train en fonction de la 
concentration ionique pour une chaîne complètement chargée montre que la fonction possède 
un maximum. De plus, elle montre sans équivoque que les premiers monomères à devenir 
neutres en baissant la valeur du pH-pK0 sont ceux situés en queue.  
L’article III propose également l’étude d’un complexe formé entre une nanoparticule et un 
polyélectrolyte semi-flexible faible. La conformation effondrée induit trop de tension pour les 
polyélectrolytes semi-flexibles. La minimisation des contraintes angulaires et électrostatiques 
impose alors des conformations différentes que celles obtenues avec un polyélectrolyte 
flexible : des conformations de type rosette ou solénoïde (Figure 7).  
 
 
a)                b) 
Figure 7. Conformations de type a) solénoïde et b) rosette.  
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D’une manière générale, la quantité de monomères dans les trains diminue avec une forte 
rigidité intrinsèque. Ceci déplace la limite d’adsorption/désorption à des valeurs de pH-pK0 
plus élevées. De plus, l’effet de la nanoparticule sur les propriétés acide/base est alors moins 
important. En augmentant la rigidité intrinsèque de la chaine, on observe deux effets sur les 
courbes de titration d’un complexe formé avec un polyélectrolyte plus rigide. Quand le degré 
d’ionisation α est plus grand qu’une valeur critique, αc, la rigidité intrinsèque favorise 
l’ionisation de la chaîne en augmentant son extension puisque les premiers monomères à 
devenir neutres en baissant la valeur du pH-pK0 sont ceux situés en queue. D’un autre côté, 
lorsque α < αc, la rigidité de la chaîne abaissant le nombre de monomères en contact avec la 
nanoparticule, diminue l’effet de la nanoparticule sur les courbes de titration. Ainsi, 
l’ionisation de la chaîne devient plus difficile.  
 
 
Figure 8. Courbes de titration pour des polyélectrolytes flexible ou semi-flexible en 
présence d’une nanoparticule. La concentration ionique est fixe et égale à Ci = 0.001 [M].   
 
L’article IV est issu de la coopération de plusieurs groupes, dont celui du Prof. Paul L. Dubin 
de l’Université de Massachusetts (USA). Il est la parfaite illustration de l’utilité de nos 
simulations pour les expérimentalistes. Ce travail propose ici de décrire les effets de la rigidité 
de la chaîne et de la mobilité des charges sur le squelette de la chaîne, sur l’adsorption et les 
conformations. Nos simulations ont ainsi montré que la mobilité des charges joue également 
un rôle important sur l’adsorption. En effet, lorsque la mobilité est possible, les charges 
s’accumulent à proximité de la nanoparticule rendant ainsi le complexe plus fortement lié. Le 
dernier article de ce chapitre V (article V) fait la revue des différents modèles de complexe 
entre un polyélectrolyte et, de façon plus générale, des macroions.  
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Table II. Instantané des conformations obtenues pour les complexes formés d’un 
polyélectrolyte flexible annealed ou quenched  en présence d’une nanoparticule 
 
 
Le chapitre VI traite de la formation de complexes entre un polyélectrolyte et plusieurs 
nanoparticules. Le recuit simulé s’est montré être une méthode intéressante pour s'affranchir 
des problèmes de minima multiples que l’on peut rencontrer. Deux modèles de 
polyélectrolytes sont considérés : une chaîne flexible et une chaîne de type bâton. La 
comparaison entre les différents résultats de ces deux types de chaînes nous renseigne sur 
l’influence de la rigidité.  
En considérant tout d’abord le cas d’un polyélectrolyte de type bâton, nous minimisons 
l’influence de la variation des interactions monomère/monomère pendant la complexation. 
Ainsi, il est possible de mettre en avant l’importance des interactions nanoparticule/ 
nanoparticule sur la conformation du complexe et le nombre de nanoparticules adsorbées. 
Dans le cas des polyélectrolytes flexibles, le nombre maximum de nanoparticules adsorbées 
lorsque le polymère est totalement chargé, est significativement plus faible que dans le cas 
d’un bâton rigide. Cependant, lorsque la densité surfacique de charge est faible, la flexibilité 
favorise le nombre de monomères en train. D’un autre côté, le bâton rigide élimine l’impact 
des répulsions électrostatiques entre les monomères en adoptant des conformations plus 
tendues, mais décroit le nombre de monomères en contact avec les nanoparticules. Le nombre 
de nanoparticules adsorbées joue un rôle clé sur l’allure des courbes de titration. Ces dernières 
sont largement discutées dans l’article VI.  
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Dans le chapitre VII, nous présentons le dernier développement de notre modèle qui nous 
permet alors d’étudier le comportement d’un polyampholyte faible isolé. L’article VII discute 
des conformations et des courbes de titration obtenues pour différentes chaînes. Deux types de 
monomères sont considérés. Selon le pH de la solution, les monomères A sont des groupes 
acides qui peuvent être soient chargés négativement, soit neutres. Le pK0 associé aux 
monomères A est celui issu de la moyenne des groupes carboxyliques des acides aminés et 
égal à pK0A = 2.17. Les monomères B sont des groupes basiques qui peuvent être soit chargés 
positivement, soit neutres.  Le pK0 associé aux monomères B est celui issu de la moyenne des 
groupes amines des acides aminés et égal à pK0B = 9.53.   
 
 
 
Figure 9. Conformations d’un polyampholyte octablocs à différentes valeurs de pH.  
 
L’influence de la rigidité de la chaîne, de la structure primaire et de la concentration ionique 
sur les propriétés acide/base de la chaîne est systématiquement étudiée. Les variations de la 
fraction des monomères positivement, négativement chargés et neutres en fonction du pH 
imposés sont établies. Ici encore, l’influence de la rigidité de la chaîne est issue de la 
comparaison d’un polyampholyte flexible avec un polyampholyte de type bâton. 
Différentes structures primaires statistiques (dibloc, octabloc et alternant) et aléatoire sont 
considérées. Il est montré que la structure primaire joue un rôle important sur les propriétés 
acide/bases d’une chaîne de type bâton. Une chaîne flexible, au contraire, adopte des 
conformations denses afin d’optimiser les interactions attractives, et dans ces conditions, la 
structure primaire n’a que peu d’importance sur les propriétés acide/base de la chaîne.  
De nombreuses et différentes conformations sont observées en variant le paramètre 
d’interaction et la stœchiométrie : étendues, globulaires et même « collier de perle ».  
 
Le chapitre VIII clôt cette thèse en faisant une synthèse de ce travail et en donnant un aperçu 
des différents développements et perspectives possibles.  
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Chapter I 
Introduction and List of Papers 
 
 
 
 
 
  
Polymers are everywhere, from natural materials like caoutchouc or wood to synthetic 
plastics, fibers and gels. After the Stone Age, the Bronze Age and the Iron Age, we can easily 
consider that we are living at the Polymer Age. On the one hand, polymers in the natural 
world have been around since the beginning of time. On the other hand, the main concepts of 
polymer science were established during the 20th century and polymer synthesis tools were 
developed during this period.  
The vast majority of polymer investigations are concerned with the structural, thermodynamic 
and dynamic properties of polymer solutions, melts, and gels. There are of course many 
aspects of polymers for which our understanding is far from complete. Charged polymers, 
also known as polyelectrolytes, constitute a common and fascinating class of polymers. 
Natural polyelectrolytes are present everywhere in our daily life: biopolymers, including 
DNA, proteins, polysaccharides, etc.  
Polyelectrolytes are extensively studied, not only because of their industrial applications, but 
also from pure scientific interest. Electrostatic interactions between charged monomers lead to 
the rich behavior of polyelectrolyte solutions qualitatively different from those of uncharged 
polymers. Nonetheless, compared to neutral polymers, polyelectrolyte theory is less 
understood. For instance, the conformational properties can be described with scaling laws in 
the case of neutral or hydrophobic polymers, but electrostatic interactions in polyelectrolytes 
introduce into the system additional length scales and complexity.  
First, properties of polyelectrolyte solutions such as viscosity are strongly dependent on the 
ionic concentration due to electrostatic screening of charges. Besides the ionic concentration, 
the pH of the medium also strongly affects the properties of a weak polyelectrolyte in 
solution, since pH determines the charge density of the polyelectrolytes.  
Adsorption of polyelectrolytes on charged surfaces and interfaces is a classical problem of 
polymer physics and chemistry and has been the focus of extensive theoretical and 
experimental studies. Interest in this problem is stimulated by its numerous applications in 
surface coating, adhesion, etc.  
Polyelectrolyte chains in solutions in the presence of oppositely charged nanoparticles are 
commonly used in a large number of industrial processes such as water treatment in 
flocculant/water insoluble mixtures, paper making, powder processing as dispersion agents, or 
food technology as rheology modifiers to name a few. Possible applications in 
nanotechnologies for the design of nanomaterials are important and DNA-complexation with 
proteins and compaction processes, for example, are expected to play vital roles in biological 
systems.  
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A general result of the interaction between polyelectrolytes and nanoparticles is that polymers 
can alter or enhance the stability of a nanoparticle suspension. Hence, regarding practical and 
economical aspects as well as potential theoretical interest of such systems in soft condensed 
matter leading to the dispersion or destabilization of nanoparticle suspensions, a better 
understanding of the key factors controlling the complexation between a nanoparticle and a 
polyelectrolyte is therefore important. Complexation depends on factors such as pH, ionic 
concentration, mixing ratio, chain stiffness and relative sizes of polyelectrolytes and 
nanoparticles, in addition to intrinsic parameters related to the chemical composition of the 
polyelectrolytes or nanoparticles. The ability of polyelectrolytes to adsorb and adhere at the 
surface of a nanoparticle as well as the final conformation of the complex are hence expected 
to control the chemical reactivity of the nanoparticles.  
 
Computer simulations present a useful tool. They offer a simplification of real systems, 
provide additional informations and capture the main features of interest, e.g., the 
adsorption/desorption limit of a polyelectrolyte on a nanoparticle, the amount of adsorbed 
polyelectrolyte, the number of trains, etc., by systematically adjusting solution parameters 
(pH, ionic concentration and temperature). In this thesis work, Monte Carlo simulations are 
used. They constitute a very powerful approach and a rewarding method for polymer 
conformational sampling.  
 
After a brief introduction to the fascinating field of polymers, polyelectrolytes and 
nanoparticles (Chapter II), the fundamental concepts related to this work are explained here. 
Computer simulation techniques and coarse-grained models are then presented in Chapter III. 
Simulation results are presented in Chapters IV through VII. Seven original publications 
constitute the central part of this thesis work. They are accompanied by substantial 
introductions intended to present them in a coherent way. Complementary results not 
appearing in the publications are also presented. 
Firstly, simulations considering strong and weak isolated polyelectrolytes are presented in 
Chapter IV. The cases of flexible, semi-flexible and hydrophobic polyelectrolytes are 
systematically studied. A particular attention has been paid to the conformation and titration 
curves of weak hydrophobic polyelectrolytes in Paper I. The variation laws of the 
characteristic sizes (fractal dimension, radius of gyration, end-to-end distance, etc.) of chains 
offer a pertinent reference to check the validity of the computer programs. Comparisons with 
previous theoretical and computational studies are also made.  
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Once the case of an isolated weak polyelectrolyte has been further investigated, Monte Carlo 
simulations are used to explore the complex formation between a nanoparticle and a weak 
polyelectrolyte. Chapter V deals with the complexation of a polyelectrolyte and one 
nanoparticle. The case of the complex formation between a weak flexible polyelectrolyte and 
an oppositely charged nanoparticle is investigated in Paper II. Then, the intrinsic stiffness 
influence on complex structures and polyelectrolyte acid/base properties is discussed in Paper 
III. Paper IV illustrates the effects of polyelectrolyte chain stiffness whereas Paper V reviews 
key studies in the field of polyelectrolyte/nanoparticle research. 
Chapter VI and Paper VI consider the case of a weak polyelectrolyte in the presence of 
several nanoparticles. The use of simulated annealing has made it possible to simulate a 
polyelectrolyte chain in the presence of several nanoparticles by improving conformational 
sampling and avoiding multiple minima problems. The charge mobility influence along the 
polyelectrolyte backbone is also investigated by considering annealed and quenched 
polyelectrolyte chains. 
The conformation and titration curves of weak isolated polyampholytes are examined in 
Chapter VII and Paper VII. Chapter VIII concludes this thesis work and some perspectives of 
future work are given. 
 
Paper I 
Ulrich, S., A. Laguecir and S. Stoll (2005). "Titration of hydrophobic polyelectrolytes using 
Monte Carlo simulations." Journal of Chemical Physics 122(9): 94911−94919. 
Paper II 
Ulrich, S., A. Laguecir and S. Stoll (2004). "Complex formation between a nanoparticle and a 
weak polyelectrolyte chain: Monte Carlo simulations." Journal of Nanoparticle Research 6(6): 
595−603. 
Paper III 
Ulrich, S., A. Laguecir and S. Stoll (2005). "Complexation of a Weak Polyelectrolyte with a 
Charged Nanoparticle. Solution Properties and Polyelectrolyte Stiffness Influences." 
Macromolecules 38(21): 8939−8949. 
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Cooper, C. L., A. Goulding, A. B. Kayitmazer, S. Ulrich, S. Stoll, S. Turksen, S.-I. Yusa, 
A.Kumar and P. L. Dubin (2006). "Effects of Polyelectrolyte Chain Stiffness, Charge 
Mobility, and Charge Sequences on Binding to Proteins and Micelles." Biomacromolecules 
7(4): 1025−1035. 
Paper V 
Ulrich, S., M. Seijo and S. Stoll (2006). "The many facets of polyelectrolytes and oppositely 
charged macroions complex formation." Current Opinion in Colloid & Interface Science 
11(5): 268−272. 
Paper VI 
Ulrich, S., M. Seijo, A. Laguecir and S. Stoll (2006). "Nanoparticle Adsorption on a Weak 
Polyelectrolyte. Stiffness, pH, Charge Mobility, and Ionic Concentration Effects Investigated 
by Monte Carlo Simulations." Journal of Physical Chemistry B 110(42): 20954−20964. 
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Ulrich, S., M. Seijo and S. Stoll (2007). "A Monte Carlo Study of Weak Polyampholytes: 
Stiffness and Primary Structure Influences on Titration Curves and Chain Conformations." 
Journal of Physical Chemistry B 111(29): 8459−8467. 
 
Papers Not Included in the Thesis 
Ulrich, S., S. Stoll and E. Pefferkorn (2004). "Computer simulations of homogeneous 
depositions of liquid droplets." Langmuir 20(5): 1763−1771. 
 
Laguecir, A., S. Ulrich, J. Labille, N. Fatin-Rouge, S. Stoll and J. Buffle (2006). "Size and pH 
effect on electrical and conformational behavior of poly(acrylic acid): Simulation and 
experiment." European Polymer Journal 42(5): 1135−1144. 
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Chapter II 
Polymers, Polyelectrolytes and 
Nanoparticles 
 
 
 
 
 
  
II.1. Polymers 
In the simplest case, polymers are long, linear chain molecules and are built from repeat units 
called monomers which are connected by covalent bonds. The number of monomers in a 
polymer chain corresponds to the degree of polymerization, N. Figure II.1 shows an example 
of a vinyl polymer. The chemical nature of monomers is one of the main factors determining 
the polymer properties. 
 
 
Figure II.1. Example of vinyl polymer, an industrially important class of polymer. X is one 
of the monofunctional units such as H, CH3, Cl and C6H5 (phenyl). The corresponding 
polymers are polyethylene, polypropylene, poly(vinyl chloride) and polystyrene. 
 
The monomer size, l, ranges from a few ångstroms for synthetic polymers to a few 
nanometers for biopolymers and linear polymers can contain between 20 and 10 billion (e.g., 
DNA) monomer units. 
When only one type of monomers is found in a given polymer, the polymer is called 
homopolymer. However, it may differ by its microstructure (i.e., the organization of atoms 
along the chain) and architecture. Both are fixed during polymerization. Linear polymers 
correspond to architectures in which the monomers are connected one to another in a linear 
sequence, e.g., the polymer illustrated in Figure II.2a). Other more complex chain 
architectures are briefly presented in Figure II.2. 
 
 
 
 
 
 
a) b) c) d) e) 
Figure II.2. Examples of polymer architectures: a) linear; b) ring; c) star; d) comb and e) 
ladder. 
 
Polymer chains composed of two or more different monomer units are called heteropolymers. 
Their properties depend strongly on the primary structure of the polymers. Considering a 
copolymer built up of two different monomers (A and B), we can define alternating 
copolymers (…ABABAB…) and block copolymers (…AAABBB…). In the latter case, each 
block may retain many of the properties of the homopolymers. Thus, the copolymer is called 
statistical as there is some correlation such that the sequence corresponds to a selection from 
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the appropriate A/B mixture, in opposite with random, i.e., when there is no correlation in the 
monomer distribution along the chain. 
 
II.2. Polymer Conformations 
Conformation is defined as the spatial structure of a polymer which is determined by the 
relative locations of the monomers. Consider a polyethylene molecule (X = H in Figure II.1). 
The carbon/carbon distance is almost constant and is close to 1.54 [Å]. The angle between 
three consecutive atoms is the bending angle γ (Figure II.3). As a second approximation, γ is 
constant and equal to γ ≈ 68 [°]. The main source of polyethylene flexibility is the variation of 
torsion angles ϕ. A trans conformation is determined when ϕ = 0 [°] and corresponds to the 
lowest energy conformation of four consecutive carbons. Two secondary minima correspond 
to gauche conformations, where ϕ = ± 120 [°]. The energy difference at temperature T = 298 
[K] is ∆E ≈ 0.8 [kBT] (Rubinstein and Colby, 2006).  
 
 
Figure II.3. Sequence of three successive chain bonds. 
 
Typically, conformations depend on three parameters: 
 
i) the intrinsic flexibility. Depending of the chemical identity of the monomers, steric effects 
and microstructure, some chains are stiff like a piano wire, while others are quite flexible like 
a silk thread. Both synthetic and biomacromolecules can exhibit rod-like polymer 
conformations, e.g., poly(p-phenylene) (PPP) owing to the linear configuration of the 
phenylene repeat units; and rigid biopolymers released from plankton as exudates or cell wall 
components (such as schizophyllan or succinoglycan) which are found in aquatic systems 
(Buffle et al., 1998); 
 
ii) intramolecular interactions between monomers which can be either attractive or repulsive; 
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 Figure II.4. Structure of schizophyllan’s monomer. Schizophyllan is a cell-wall rod-like 
polysaccharide of the fundus Schizophyllum commune (Van der Valk et al., 1997).  
 
iii) intermolecular interactions which consider monomer/solvent, polymer/surface and 
polymer/polymer interactions. The relative strengths of these interactions can change with 
temperature.  
In the simplest discrete approach, a flexible linear polymer is represented by a succession of 
points separated by equivalent bonds of length l. A schematic representation of a discrete 
chain is given in Figure II.5.  
 
 
Figure II.5. Schematic representation of a discrete chain. 
 
The points are numbered from 1 to n and the position of point i is given by its coordinate xi. 
The bond vector from i to i+1 is ri = xi+1 - xi. The distance between one end of the polymer 
chain and the other, when the polymer is stretched out, is named contour length, L. The 
contour length corresponds to the sum over all the bond lengths l. 
 
 ( 1)= −L n l  (II.1) 
 
For a given conformation, the end-to-end vector is the sum of the bond vectors 
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By assuming that the points have the same mass, the radius of gyration is defined as 
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where xcm is the center of mass coordinate and rij is the distance between points i and j. 
 
II.2.1. Ideal Chains 
Ideal chains are defined as chains having no interactions and no excluded volume between 
monomers. They represent a useful reference class of polymers for understanding the 
behavior of real polymers. 
The simplest theoretical description of a flexible chain conformation is achieved with the 
freely jointed chain (FJC) model: the polymer consists of n points which are joined by n-1 
bonds of length l. The average end-to-end vector over a large number of conformations which 
is an isotropic collection of chain conformation is equal to zero. The simplest non-zero 
average value is the mean-square end-to-end distance,  
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Since all bond vectors have the same length, the scalar product is 
 
 
2 cosϕ⋅ =i j ijlr r  (II.5) 
 
There are only n-1 non-zero terms in equation (II.5). Hence, the mean-square end-to-end 
distance of the FJC model is  
 
 
2 2
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This model is also an example of a self-similar chain on different length scales (scale 
invariant). Indeed, the mean-square distance between points i and j is 
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Combining equations (II.7) and (II.3), the squared radius of gyration is given by 
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The freely rotating chain (FRC) model assumes that the bond lengths and bond angle γ are 
fixed. The mean-square end-to-end distance of the FRC model is then equal to 
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The worm-like chain model, also known as the Kratky-Porod model, is a particular case of 
FRC model for small values of γ and l. Other models with different assumptions and 
becoming progressively more specific, such as hindered rotation and rotational isomeric state 
models just to quote a few, can be found in the polymer literature (Grosberg and Khokhlov, 
1994; Teraoka, 2002; Ullner, 2002; Rubinstein and Colby, 2006). But it is worth to note that 
the main property of an ideal chain is that the mean-square end-to-end distance is proportional 
to the product of n-1 and the square bond length, l2. 
The expansion factor r is usually introduced to characterize the size of a polymer (Doi and 
Edwards, 1986). 
 
 
2
ee
2
g
R
R
< >
=
< >
r  (II.10) 
 
When r = 6, the chain exhibits conformations which are equivalent to a FJC model.  
On the other hand, a rod-like polymer is a highly oriented polymer where rij = (j-i)l with 
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Hence, a value which is closed to r = 12 indicates that the chain is fully extended. 
 
II.2.2. Real Chains 
A linear flexible ideal polymer chain can be modelled as a random walk (RW). This concept 
gives a fundamental frame for the conformation of an ideal polymer chain. In real polymer 
chains, two monomers cannot overlap. This effect is called excluded volume. A random walk 
on a lattice that never visits the same site more than once is similar to that of a self-avoiding 
walk (SAW) (Grosberg and Khokhlov, 1994). 
According to Flory (1953, 1969), at a given temperature called the θ-temperature, the 
monomer attraction counterbalances the repulsion of the distant monomers on the chain 
compensate each other and as a result the chain will adopt a nearly ideal conformation. When 
T>θ, the attraction between monomers is smaller than the repulsion and corresponds to a good 
solvent situation. In such conditions, the chain swells and the coil size becomes larger that the 
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ideal case. When attraction plays the most important contribution, the chain collapses into a 
globular conformation. This occurs when T<θ and corresponds to a poor solvent situation. 
Conformations of real chains can be estimated with the Flory theory which leads to a 
universal power law 
 
 Rg ∼ Ree ∼ Nν  (II.12) 
 
where ν is the Flory scaling exponent. The Flory approximation of the scaling exponent is ν = 
1/2 for the ideal linear chain whereas ν = 3/5 for a swollen linear polymer. More sophisticated 
theories lead to a more accurate estimate of the scaling exponent ν ≈ 0.588. 
 
II.2.3. Fractal Nature of Polymer Conformations 
A regular fractal namely the triadic Koch curve is considered here to illustrate the concept of 
fractal. Its construction is depicted in Figure II.6. The Koch Curve fractal is certainly one of 
the most popular and well known regular fractals. 
 
 
a) b) c) d) 
Figure II.6. Building process of a triadic Koch curve. 
 
The building process of the Koch curve is fairly simple and begins with a straight line (Figure 
II.6a). This line is then divided into three equal segments, the middle subsection replaced by 
the two sides of an equilateral triangle of the same length, and the original middle subsection 
is erased. Hence, four segments of equal length are depicted (Figure II.6b). This is one 
iteration. The above procedure for each of these four segments is repeated. At the end of the 
second step (Figure II.6c), a line with each of the four sections consisting of four smaller 
subsections is obtained. This process can continue infinitely. 
 
 
Figure II.7. Determination of the relation between size and mass of a triadic Koch curve. 
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Consider two consecutive generations and the diameter 2R of circles drawn around unit 
segments (Figure II.7). The radius of the circles changes by a factor FR, 
 
 1 2RR F R=  (II.13) 
 
whereas the number N of small segments inside these circles changes by a factor FN, 
 
 1 2= NN F N  (II.14) 
 
An exponent Df is thus defined through the relation 
 
 N ∼ fDR  (II.15) 
 
The exponent Df is called fractal dimension. Considering the triadic Koch curve, it is found 
that FR = 3 and FN = 4. Hence, the fractal dimension of the triadic Koch curve is 
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Most of polymers are self-similar (fractal) over a wide range of length scales. Polymers are 
random fractals which are quite different from Koch curves. As presented above, the mean-
square end-to-end distance of an ideal chain is proportional to N, 
 
 N ∼ 2eeR< >  (II.17) 
 
A similar relation holds for any subsection of the ideal chain (equation (II.7)), therefore, Df =2 
for an ideal chain. Df is a number less than 3; the smaller the fractal dimension, the less 
compact the chain. Fractal dimensions Df and Flory scaling exponents are related via the 
expression  
 
 
1
ν
=fD  (II.18) 
 
II.2.4. Adsorbed Polymers 
Polymers can adsorb from solution onto surfaces if the interaction between the polymer and 
the surface is more favourable than that of the solvent with the surface. When adsorption 
occurs, the usual description of adsorbed chain conformations at a surface was first proposed 
by Jenkel and Rumbach (1951). Three types of sub-chains are then considered (Figure II.8.): 
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i) trains (when the segments are in contact with the substrate); ii) loops (the segments are not 
in contact with the substrate but connect two trains); and iii) tails (non-adsorbed chain ends). 
 
 
Figure II.8. Schematic representation of an adsorbed polymer layer. Loops, tails and trains 
are indicated.  
 
II.3. Polyelectrolytes 
II.3.1. Definitions 
“Polyelectrolytes are polymers bearing ionizable groups, which, in polar solvents, can 
dissociate into charged polymer chains and small counterions” (Barrat and Joanny, 1996). 
From a fundamental and technological point of view, polyelectrolytes exhibit polymer 
properties and long-range electrostatic interactions. Polyelectrolytes are extensively studied 
not only because of their numerous industrial applications, but also from a pure scientific 
interest (Oosawa, 1971; Dautzenberg et al., 1994; Ullner, 2002; Netz and Andelman, 2003; 
Dobrynin and Rubinstein, 2005). Long-range electrostatic interactions affect both the intra- 
and the intermolecular interactions. The charges along the chain may display a strong 
adsorbing capacity on oppositely charged surfaces and a high solubility in polar solvent. The 
chain conformational degrees of freedom are coupled with the electrostatic ones and, as a 
result, charges contribute substantially to the chain stiffness. Repulsive interactions between 
monomers of identical charge make the polyelectrolyte more extended than the corresponding 
uncharged polymer. The long-range electrostatic interactions are expected to be screened 
when an increasing concentration of small ions is introduced, e.g., by addition of simple 
electrolytes. 
In common terminology, a polyelectrolyte is a polymer that has only negative or positive sites 
and polyampholytes are charged polymers containing both types of charges such as proteins at 
a given pH (Kudaibergenov, 2002; Dobrynin et al., 2004).  
Monomers in polyelectrolytes may be strong acids or bases, so that their charges are pH 
independent. In such conditions, the polyelectrolyte is termed as strong. On the other hand, 
weak polyelectrolytes carry weakly acidic or basic groups and their solution behavior depends 
on pH solution. The terms quenched and annealed polyelectrolytes are generally used as 
20
synonymous of strong and weak polyelectrolytes, respectively. Nonetheless, we will consider 
here that annealed means that the degree of ionization depends on the pH of the solution and 
the ionization sites on the backbone can move along the chain (Castelnovo et al., 2000; 
Limbach and Holm, 2001).  
 
Table II.1. Examples of strong and weak synthetic polyelectrolytes (Mandel 1970, 1987):  
poly(acryilic acid) PAA 2 CH  CH(COOH)  weak acid 
poly(methacryilic acid) PMA 2 3 CH  CH(CH )(COOH)  weak acid 
Polyvinylamine PVAm 2 2 CH  CH(NH )  weak base 
poly(ethylenesulfonic acid) PSSA 2 6 4 3 CH  CH(C H SO H)  strong acid 
poly(vinylsulfuric acid) PVSA 2 3 CH  CH(OSO H)  strong acid 
 
The number of charges at a given pH depends on the acid/base properties of the 
polyelectrolyte but also on the ionic concentration, polyelectrolyte concentration and presence 
of other charged species such as coions and counterions. 
In this thesis, a polyacid is considered as an example of weak polyelectrolyte having sites that 
are neutral at low pH and negative at high pH. The dissociation of an isolated acid monomer 
(HA) in an aqueous medium is given by 
 
 
+ -HA H +A⇀↽   (II.19) 
 
According to the law of mass action, the equilibrium constant corresponds to  
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where [H+], [A-] and [HA] represent the concentration of dissociated hydrogen, dissociated 
and undissociated acid, respectively. This equation can be rearranged to isolate the hydrogen 
ion concentration: 
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This is the well-known Henderson-Hasselbalch equation. The degree of ionization α is then 
defined by 
 
-
-
[A ]
[A ] [HA]α = +  (II.23) 
 
and [A-] can be isolated from equation (II.23) as 
 
 
-
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1
α
α
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−
 (II.24) 
 
By introducing equation (II.24) in equation (II.22), it is found  
  
 0pH p log 1
α
α
= +
−
K  (II.25) 
 
In agreement with experimental observations, a continuous augmentation of the apparent pK 
of a polymeric acid with increasing α is usually observed (Mandel, 1970; Nagasawa, 1971; 
Raphael and Joanny, 1990; Reed and Reed, 1992). This effect is due to the rising difficulty of 
removing protons with the increases of α and the electrostatic repulsions between the charged 
monomers. Thus, one can define  
 
 0p p pK K K∆ = −  (II.26) 
 
as the shift between the apparent negative logarithm of the dissociation constant and the 
negative logarithm of the dissociation constant of an ideal monomer solution, pK0, in absence 
of electrostatic interactions. The shift is directly related to the excess of free energy (Ullner et 
al., 1996).  
Borkovec et al. (2006) showed that i) when the ionizable monomers are far apart, their 
acid/base properties are independent; ii) at intermediate distance between monomers 
electrostatic interactions modify acid/base properties; and iii) at short distance, short-ranges 
interactions dominate because low permittivity of the polymer backbone. Nonetheless, these 
interactions become only dominant at separation distances below 5 [Å] between ionizable 
groups (Borkovec et al., 1997). 
 
II.3.2. Electrostatic Interactions 
The fundamental expression in electrostatic is the Coulomb potential energy of two charges qi 
and qj, separated with a distance r. In vacuum, the Coulomb potential is given by 
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where ε0 represents the permittivity of the vacuum, e the elementary charge and z the amount 
of charge. The potential energy is inversely proportional to the distance between the charges 
and is linked to the work to bring qi from infinity to a distance r from qj. When charges are 
immersed into a medium with a relative permittivity, εr, interactions are attenuated. An 
effective potential energy is then given by 
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The Coulomb force F is thus given by 
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When charges are of same signs, the effective potential energy is positive and the force is 
repulsive. On the other hand, when opposite signs are considered, the effective potential 
energy is negative and the force is attractive. 
The charge density at r, ( )rρ  is related to the electrostatic potential ψ(r) through Poisson’s 
equation, 
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ρψ
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where 2∇ is the Laplace operator,  
 
 ( ) ( ) ( )2 2 2 2 2 2 2/ / /∇ = ∂ ∂ + ∂ ∂ + ∂ ∂x y z  (II.31) 
 
The charge density is related to the ion concentration as follows, 
 
 ( ) ( )j j
j
r e z c rρ = ∑  (II.32) 
 
where cj(r) is the concentration of species j at r, i.e., the number of ions j per unit volume. The 
concentration of species j may be expressed with a Boltzmann distribution,  
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where c0(r) is the concentration of species j at ψ = 0 and kB is the Boltzmann constant (kB = 
1.3807.10-23 [J/K]). It is thus assumed that the pair correlations between charged species are 
neglected.  
Combining equations (II.30), (II.32) and (II.33) gives the Poisson-Bolzmann (PB) equation, 
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which is a nonlinear equation. In Debye-Hückel (DH) theory (1923), an approximation 
consists to linearize it, which is why equation (II.34) is sometimes referred to the non-linear 
PB equation. At low ψ, it is possible to consider the expansion of the exponential of equation 
(II.34) as 
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Making use of the expansion to the first order and because of electroneutrality condition, 
 
 0 0=∑ j
j
z ec  (II.36) 
 we can simplify equation (II.34) as 
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where κ is the Debye screening parameter defined by: 
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One of the most important quantities which emerges form the DH approximation is the 
Debye-Hückel parameter κ. More specifically, the inverse, κ-1, has the unit of length and 
corresponds to a distance over which the screened electrostatic interactions are non-
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significant. Equation (II.37) has to be solved using the proper boundary conditions and the 
solution is given by 
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Expressing the pair potential for two point charges i and j, we obtain 
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The Bjerrum length lB at T = 298 [K] is defined as 
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and corresponds to the length scale at which the electrostatic interaction between two 
elementary charges e is equal to the thermal energy kBT. The Bjerrum length for water at T = 
298 [K] is then equal to lB = 7.14 [Å].  
Considering a polyelectrolyte chain, the effective strength of the Coulomb interactions 
between charges separated from each other by the length l along the chain is determined by 
the so-called Manning (1969) ratio 
 
 
Bξ
l
l
=  (II.42) 
 
When ξ ≤ 1, according to the Manning theory, polyelectrolytes are considered as weakly 
charged and may be treated in the Debye-Hückel approximation. When ξ > 1, polyelectrolytes 
are said to be strongly charged and the Debye-Hückel approximation can no longer be used. 
In such conditions, the polyelectrolyte counterions are attracted to the charged polymers via 
long-ranged Coulomb interactions and condense on the chain in order to renormalize its 
effective linear charge density so that ξ becomes one. 
 
II.3.3. Persistence Length 
The conformational behavior caused by electrostatic interactions is one the most fundamental 
features of polyelectrolytes. The persistence length is frequently used for the characterization 
of the chain conformations. However, several definitions and several ways of calculating it 
are found which generally generate confusions (Ullner, 2002). Nonetheless, it is well-
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established that the persistence length is a measure of polymer stiffness. The length of total 
persistence of the chain in the case of a polyelectrolyte is the sum of an intrinsic contribution 
(l0) and electrostatic contribution (le): 
 
 0p el l l= +  (II.43) 
 
A simple calculation of persistence length is made via the bond angle correlation (Bac) 
determination (Ullner and Woodward, 2002; Liao et al., 2003). The Bac function is defined as  
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If we define the function C(k) as 
 ( ) ln ( )
p
kC k Bac k
l
= ≈ −  (II.45) 
 
then the slope of the variation of C(k) as a function of k is equal to -1/lp. To improve the 
sampling, the reference point i can be moved along the chain. In addition, to avoid finite size 
effect, 4/5 of the middle part of the chain are usually considered.  
 
II.4. Nanoparticles 
A nanoparticle is a particle which has structure sizes comprise between 1 to 100 nanometers 
in at least two dimensions. Typically, nanoparticle sources may be divided in natural, 
incidental (such as emissions from engine combustion) and engineered sources. Nanoparticles 
are constituted of several tens or hundreds of atoms and have a variety of shapes and 
structures such as spherical, needle-like, tubes, platelets, etc, and have high specific surface 
areas which make them very reactive, catalytic and diffusive. Theses specific physico-
chemical properties are quite different to bulk material of same composition.  
There are different classes of nanoparticles and the following examples must not be 
considered as exhaustive (Horn and Rieger, 2001): organic nanoparticles determine our life in 
the form of such as viruses, protein complexes, polymers, fullerenes, carbon nanotubes, 
micelles (spherical groupings of amphiphiles molecules) and colloidal particles. Liposomes 
are nanoparticles comprising lipid bilayer membranes surrounding an aqueous interior. 
Inorganic nanoparticles are largely encountered as metal and metal oxides (in particular SiO2, 
TiO2, Al2O3, iron oxides). For examples, nanostructured catalysts based on metal 
nanoparticles show promise in reducing industrial and vehicle emissions (Rickerby and 
Morrison, 2006)  
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Many nanoparticles have a surface charge in water. The surface charge arises from the 
ionization of surface groups (e.g., SiOH2+  →←  SiOH + H+ →←  SiO- + 2H+, (Hiemstra et 
al., 1989; Kobayashi et al., 2005), the dissolution of ions from the surface (e.g., F- from 
apatite), or from the adsorption of polyelectrolytes or ionic surfactant.  
The surface of engineered nanoparticles are frequently modified or coated to change their 
properties for industrial or medical applications (Berret et al., 2004, 2006) and complexation 
of polyelectrolyte with cerium oxide nanoparticles to extend their stability ranges was 
investigated by Sehgal et al. (2005).  
However, engineered nanoparticles have properties that have never been encountered in 
nature. Critical focus on their potential health and environmental risk of such nanoparticles is 
then highly required. Study of the fate and transport of nanoparticles is largely concerned with 
determining how their properties changes over time and conditions. Environmental factors 
like pH and ionic concentration (Luthy et al., 1997; Brant et al., 2005) together with the 
physico-chemical properties, structure and concentration of nanoparticles may determine 
whatever they are bound with or transported out of soils and sediments. Interactions with 
dissolved constituents such as humic substances and biopolymers and complex formation may 
also affect their dispersion state and hence mobility.  
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Chapter III 
Computer Simulation Techniques 
 
 
 
 
 
  
III.1. Introduction to Computer Simulations 
Computer simulations are nowadays an established tool in many branches of science. 
Motivations for computer simulations are manifold and they occupy an important 
intermediate position between experiments and theory. Computer simulations allow to study 
complex systems and gain insight into their behavior. At the same time, they can be used to 
compare models with experiments and provide a means of assessing the validity of a model.  
Some quantities or behaviors are difficult to measure in an experiment, whereas they can 
easily be computed with simulations. Before computer simulations, there was only one way to 
predict the properties of polymers for instance, namely by making use of analytical theory that 
provided an approximate description. Nowadays, the rapid advances in computer technology 
make computer simulations powerful tools to study polymer properties.  
Typically, there are two main approaches used to simulate polymer materials: Molecular 
Dynamics and Monte Carlo methods. The choice between Molecular Dynamics and Monte 
Carlo is largely determined by the properties under investigation. As discussed in Chapter II, 
flexible chains have a large number of internal degrees of freedom and it is well established 
that a central problem for polymer simulation is the sampling of conformation. Monte Carlo 
simulations for polymer conformational sampling are largely preferable (Jorgensen and 
Tirado-Rives, 1996). Indeed, there can be large energy barriers in the conformational space 
and the random moves in a Monte Carlo simulation can easily pass through such barriers, 
whereas the molecule will be trapped in a local minimum when Molecular Dynamics are 
used.  
On the other hand, Monte Carlo simulation lacks a definition of time, but they can be used for 
simulations with varying particle numbers by adding moves for the creation and removing of 
particles (in the Grand Canonical ensemble) (Ullner et al., 1994; Ullner et al., 1996; Ullner 
and Jönsson, 1996; Ullner and Woodward, 2000). 
 
III.2. Coarse-Grained Models 
All simulation models in soft matter must necessarily represent systems using simplifying 
assumptions. In this thesis, the first assumption is of a very dilute solution, i.e., only one 
linear polymer chain is simulated. 
In order to eliminate some of internal degrees of freedom which are computer resource 
consuming and to focus our interest on the determination of large-scale properties, coarse-
grained model is made and the chain is mapped onto a system of spherical beads, associated 
to a group of atoms or monomers (Baschnagel et al., 2004).  
Two types of coarse-grained models have to be distinguished: i) a generic coarse-grained 
model retaining the main features common to a group of polymer of interests (Kremer and 
Binder, 1988; Binder, 1992). Strictly speaking, the model has no direct connection to any 
specific polymer. It may represent a point of reference for understanding the behavior of 
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polymers and discussing experimental and theoretical observations; and ii) a coarse-grained 
model deriving from a specific polymer with properties typically matched from atomistic 
simulations. Recently, attempts to perform multi-scale approaches were made. On a first 
level, the coarse-grained model is used for equilibration and the determination of large-scale 
properties. Then, atomistic details are reinserted and short-scale properties are computed and 
a reverse-mapping is possible. Distance scales accessible within reasonable computational 
resources are increased (Baschnagel et al., 2000; Mueller-Plathe, 2003; Santangelo et al., 
2007).  
In this thesis, a generic coarse-grained model is considered and the polymer chain is 
represented as three-dimensional, off-lattice, freely jointed, spherical, and successive beads. 
Hard beads are considered to avoid overlapping. The monomers may have a charge on their 
centres or may be neutral. Each monomer has a radius equal to Rm. The total number, N, of 
monomers is constant during simulations.  
Theory generally treats the case of very long or infinite chains, and consequently an 
asymptotic regime where the variations of the properties are independent of the number of 
monomers are observed. In simulations, the use of finite chains is a necessity. As a result, size 
effects are observed such as the conformation of chain extremities, charge distribution in 
annealed polyelectrolyte (Castelnovo et al., 2000) or counterions conditions (Limbach and 
Holm, 2001). On the other hand, chain size is restricted by the limit of available CPU time 
required to achieve equilibrated conformations. Nonetheless, asymptotic behavior was 
observed when N = 200 (details follow). Such a number of monomers requires reasonable 
CPU time to reach equilibration. 
 
III.2.1. Polyelectrolyte Model 
In this thesis, the polyelectrolyte is considered as a polyanion (or polyacid) and hence, a 
negative charge q is placed at the center of a charged monomer.  
Each monomer along the backbone may be negatively charged or neutral.  
 
   
 
Negatively 
charged 
monomer 
Neutral 
monomer 
 
Figure III.1. Model of polyelectrolyte.  
 
When strong polyelectrolytes are considered, the number of charges and positions are input 
parameters. The charge distribution is imposed to be homogenous along the chain backbone 
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and fixed during simulation. The degree of ionization α is defined as the ratio of charged 
monomer, Ncharged and total number of monomers, N. 
 
 
chargedα =
N
N
 (III.1) 
 
On the other hand, when weak polyelectrolytes are simulated, α is calculated. The solution 
pH is then an input parameter in a simulation involving a weak polyelectrolyte. Moreover, the 
charges are allowed to move along the chain.  
When polyelectrolytes are considered, the Manning parameter ξ is imposed to be equal to 1 to 
ensure that interactions may be treated in the Debye-Hückel approximation  (Manning, 1969; 
Christos et al., 1989; Christos and Carnie, 1990; Stevens and Kremer, 1995). Hence, the 
radius of a monomer in a polyelectrolyte chain is set to Rm = lB / 2 = 3.57 [Å]. Moreover, 
short-ranges interactions become not dominant (Borkovec et al. 1997).  
 
III.2.2. Polyampholyte Model 
The polyampholyte model investigated in Paper VII considers two types of monomers A and 
B. Primary structures are input parameters. Each monomer can be charged or neutral.  
 
    
 
Negatively 
charged 
monomer  
(A) 
Positively 
charged 
monomer  
(B) 
Neutral 
monomer 
(A or B) 
Figure III.2. Model of polyampholyte.  
 
The total number of monomer A is noted NA and the total number of monomer B is noted NB. 
The ratio η = NB / NA describe the stoichiometry of a chain and thus a balanced stoichiometry 
is reached when η = 1.00.  
The nature of each monomer is identified from the mean pK0 value of amino and carboxyl 
groups found in proteins. Each of the NA monomers represents a weak acidic site that can 
either carry a negative charge z
 
= -1 on its center or be uncharged. The dissociation of an 
isolated acid monomer (HA) in an aqueous solution is given by equation (II.1). The pK0A 
value is arbitrarily set to 2.17 in order to simulate the mean acid/base property of a carboxylic 
group in amino acids.  
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On the other hand, each of the NB monomers represents a titrating site that can either carry a 
positive charge z
 
= +1 on it center or be uncharged. The dissociation of an isolated base 
monomer ( +BH ) is given by 
 
+ +BH  B+H⇀↽   (III.2) 
 
 
with an equilibrium constant given by 
 
 
+
B
0 +
[B][H ]
[BH ]=K  (III.3) 
 
The pK0B value is arbitrarily set to 9.53 in order to simulate the mean acid/base properties of 
an amino group in amino acids.  
Thus, it is assumed that the carboxyl groups (monomers A) are protonated (neutral 
monomers) when pH < pK0A and deprotonated when pH > pK0A (negatively charged). On the 
other hand, the amino groups (monomers B) are protonated (positively charged) when pH < 
pK0B and deprotonated (neutral monomers) when pH > pK0B.  
In absence of electrostatic interactions, according the solution pH, the fraction α
−
 of 
negatively charged monomers is defined as  
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On the other hand, the fraction α+ of positively charged monomers is defined as  
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Subsequently, the fraction 0α  of neutral monomers is described as  
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The condition α 
−
 + α + + α 0  = 1.00 is then always respected. When a balanced chain is fully 
charged, polyampholytes exhibit a strong tendency to self-neutralization without the help of 
counterions unlike polyelectrolytes (Dobrynin et al., 2004). 
 
III.2.3. Nanoparticle Model 
Nanoparticles are represented as impenetrable and solvent excluded spheres with a radius 
noted Rnp. A positive charge Q is assumed to be concentrated into a point located on their 
centers. In such conditions, the central point charge Q of a nanoparticle mimics a constant and 
homogenous surface charge density equal to σ = Q [mC/m2] when Rnp = 35.7 [Å]. It is 
imposed that charges do not vary with pH.  
When several nanoparticles are considered in the simulation box, sizes and charges of the 
nanoparticles are identical and constant during simulation. The nanoparticles are randomly 
placed in the simulation box, i.e., a three dimensional spherical box of radius 4.N.Rm.  
 
 
Figure III. 3. In particular conditions, a polyelectrolyte winds around the nanoparticle 
(purple sphere) and its turns repel each other and form a solenoid (Nguyen and Shklovskii, 
2001). Details of simulation parameters are available in Table A.III.1 in Appendix. 
 
By default, the radius of the nanoparticles is set to Rnp = 35.7 [Å]. Indeed, as shown in 
Chapter V, when Rnp / Rm = 10 and when complexation occurs when strong electrostatic 
interactions are involved, strong conformational changes are observed. 
The polyelectrolyte chain is arbitrarily considered as adsorbed when at least one monomer is 
in contact with the nanoparticle during more than 50% of the production period (definition 
follows). It should be noted that, in our simulations, the thickness of the first adsorption layer 
is set to one monomer radius. 
 
III.3. Interaction Potentials 
A force field is defined as the functional form and parameter sets used to describe the 
potential energy of a system. The basic functional form of a force field encapsulates both 
covalent and non-covalent and excluded volume terms.  
  
 tot excluded volume cov n-cov= + +E E E E  (III.7) 
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III.3.1. Excluded Volume 
Hardcore repulsions between particles i and j lead to excluded-volume interactions using 
 
 excluded volume excluded volume ( )
<
= ∑
i j
E u r  (III.8) 
with 
 
excluded volume
excluded volume
( ) 0 when 
( )  when 
= ≥ +
= ∞ < +
i j
i j
u r r R R
u r r R R
 (III.9) 
 
where Rj is the radius of particle j (which can be the monomer or the nanoparticle) and r is the 
distance between the centers of the two units.  
  
III.3.2. Covalent Energy 
Covalent energy is related to monomers that are linked by covalent bonds. In our model, a 
polymer is reduced to a series of successive beads. The connection of two consecutive 
monomers is infinitely strong and the connection length, which is equal to one monomer 
diameter, does not vary during simulation. Hence, the covalent energy is reduced to the 
bending energy: 
 
1
cov bend bend
2
( )θ
−
=
= = ∑
N
i
i
E E u  (III.10) 
 
The bending energy ubend is the energy required for bending the angle achieved by three 
monomers i-1, i and i+1. The deviation of angles from their reference angle is described using 
a Hooke’s law or harmonic potential (Jensen, 1999; Leach, 2000): 
 
 
2
bend ang 0( ) ( )θ θ θ= −i iu k  (III.11) 
 
where kang [kBT/deg2] is the angular force constant or stiffness parameter and θ0 = 180 [°]. The 
required energy to move an angle θi away from equilibrium increases with the increase of (θi - 
θ0)2.  
 
III.3.3. Non-Covalent Energy 
Non-covalent terms describe the long-range electrostatic and Lennard-Jones interactions.  
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The interaction between point charges is given by Debye-Hückel potential (equation II.39 in 
chapter II). This potential is used in Paper I. In other Papers, we have used an extended 
version of the Debye-Hückel potential where the size of particles, i.e., both monomers and 
nanoparticles, has been taken into account (Verwey and Overbeek, 1999) 
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The electrostatic energy uel is expressed in kBT units.  
The overall effect of free ions is described via the dependence of the inverse Debye screening 
length 2κ  [m-2] on the electrolyte concentration as 
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where NA represents the Avogadro number (NA = 6.022 1023 [mol-1]) and Ci the ionic 
concentration [mol/L]. 
The other part of the non-bonded interaction is due to attractive forces which may have either 
their origin in the dipole or induced-dipole interactions at the atomic level and solvent quality 
(Jensen, 1999). Attractive interactions are then considered via the Lennard-Jones 12-6 
potential: 
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where r0 represents the minimum energy distance and εvdW [kBT] the energy dept at minimum. 
Due to excluded volume, the repulsive part of the equation is neglected by considering r0 
equal to the sum of the two radii of the interacting particles.  
 
III.4. Monte-Carlo Simulations 
III.4.1. Introduction 
Most of the computer simulations are based on the assumption that classical mechanics can be 
used to describe the motion of particles. Statistical mechanics is that branch of physics which 
establishes the link between the microscopic properties of a system and its macroscopic 
properties. The goal of statistical mechanics concerns the understanding and prediction of 
macroscopic phenomena and the calculation of macroscopic properties from the properties of 
the individual particles making up the system.  
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In a chemical system, particles are moving around all the time. Spontaneous changes from 
moment to moment of the particles are called fluctuations. Each snapshot of the system 
represents a state and the type of fluctuations allowed in a system is specified by stating the 
type of ensemble which defines the weights associated with each state. Each possible state of 
the system corresponds to one unique point in the phase space.  
The canonical ensemble where the number of particles N, the volume V and the temperature T 
are fixed, is one of the most common ensemble. Each states are specified by the values of the 
N momenta p and coordinates x. The Hamiltonian function H describes the total energy of the 
system and is the sum of the kinetic energy K and the potential energy, E:  
 
 ( , ) ( ) ( )= +N N N NH K Ep x p x  (III.16) 
 
The weight of each state is proportional to 
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and the ensemble average of any observable A is given by 
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The system evolves with time. The “ergodic hypothesis” assumes that for infinitely long 
times, a system is expected to pass through all possible states. Then time average of a quantity 
is equivalent to ensemble average:  
 
 < >=< > =< >ensemble timeA A A  (III.19) 
 
And hence, equation becomes 
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The most straightforward approach to evaluate <A> according to equation (III.20) consists to 
use a numerical quadrature, for instance using Simpson’s rule (Allen and Tildesley, 1987; 
Frenkel and Smit 1996). Let us assume that we take m equivalents points along every 
coordinate axis of the configuration space. If we take 100 particles in three dimensions, the 
total of number of points at which the integrand must be evaluated is equal to m300. Then, if m 
= 5, we would have to evaluate the integrand at 10210 points. This is simply impossible, and if, 
it will be source of errors. Hence, better numerical techniques are needed to compute 
averages.  
The simplest Monte Carlo technique is random sampling. Consider the one-dimensional 
integral I  
 
 ( ) ( ) ( )= = − < >∫
b
a
I f x dx b a f x  (III.21) 
 
A large number, say χ, of points xi is arbitrarily chosen over the interval {a,b} and f(xi) is 
computed. The average < f(x) > is 
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To achieve an accurate sampling, χ should go to infinity. In a similar approach, equation 
(III.20) becomes 
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The name “Monte Carlo” was chosen because of the extensive use of random numbers. In 
general, the phase space has a great number of states of very high energy for which the factor 
of Boltzmann is close to zero. It would be much preferable to sample many points in the 
region where the Boltzmann factor is large and few where it is small. This is the strategy 
adopted in importance sampling which is the base of the Metropolis algorithm (Metropolis et 
al., 1953). The Metropolis algorithm generates a Markov chain of states which satisfies two 
conditions: i) the outcome of each trial depends only of the preceding trial; and ii) each trial 
belongs to a finite set of possible outcomes. In other words, rules of transitions between states 
are imposed. The Monte Carlo Metropolis algorithm for strong polyelectrolytes is presented 
below.  
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III.4.2. Strong Polyelectrolyte Simulation Methods 
Two different computational codes are used when strong polyelectrolytes and weak 
polyelectrolytes are considered. When strong polyelectrolytes are investigated, simulations in 
a canonical ensemble are required. On the other hand, simulations in the grand canonical 
ensemble are necessary when weak polyelectrolytes are investigated. We performed Monte 
Carlo simulations according to the traditional Metropolis algorithm. In this method successive 
trial are generated to obtain sampling of lowest total energy.  
For strong polyelectrolytes, the different steps in the Monte Carlo runs are as follows: 
 
1. An initial set of particles (monomers from the polymer and nanoparticle(s)) 
positions is (randomly) chosen (with excluded volume conditions) in a large 
three-dimensional spherical box having a radius equal to 4.N.Rm,   
2. the total energy is computed, 
3. a trial move for the system is randomly chosen, 
4. the total energy of the system in state, is computed, 
5. the Metropolis criterion decide whether to accept the new positions. If the 
change in total energy ∆Etot resulting from the trial is negative, the move is 
selected. If ∆Etot is positive, the Boltzmann factor p defined as 
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 is computed and a random number ζ with 0 ≤ ζ ≤ 1 is generated. If ζ < p, the 
move is selected. When ζ ≥ p, the trial is rejected and the previous state is 
retained and considered as a ‘‘new’’ state (Figure III.4). An accepted move 
contributes to average whereas when the condition is not fulfilled, the 
previous state is counted one more.  
6. Return to steps 3 through 5 until the total number of Monte Carlo steps 
defined in the input file.  
 
The Monte Carlo simulations consist of an equilibration period followed by a production 
period (Figure III.5).  
During the first period, the system is not at equilibrium but converges towards this state. On 
the other hand, during the production period, the system fluctuates around an equilibrated 
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position. The expectation value of any observable is its average value, i.e., the sum divided by 
the number of iterations during the production period. The user has to consider a large 
number of iterations to reach equilibrium. Convergence is well reached if there is no drift in 
the evolution of the observable properties according to the number of steps.  
When Monte Carlo simulations are considered, conformation at simulation step t = i is highly 
correlated with the conformation at t = i+1. Hence, to reduce the size of the output file and 
read/write access time, it is useless to save every step. The sampling rate for saved data have 
also to take into account the relevance of the stored data (Frenkel and Smit, 1996). Here, the 
sampling rate was adjusted from 1000 to 5000 simulation steps.  
The same procedures were used when strong polyampholytes were considered.  
 
  
Figure III.4. Accepting uphill moves in the Monte Carlo Metrolpolis simulation. Random 
number ζ1 rejects the trial move whereas random number ζ2 accepts it.  
 
Figure III.5. Variation of the total energy Etot as a function of Monte Carlo simulations 
steps. A flexible polyelectrolyte with N = 200 and α = 0.58 is simulated in presence of a 
nanoparticle of surface charge density σ = + 100 [mC/m2] at Ci = 0.001 [M]. 
 
III.4.3. Elementary Movements 
Successive “trial” conformations are generated to derive a reasonable sampling of lowest total 
energy in the conformational space. The nanoparticles are moved through the simulation box 
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by translations. The monomer positions are randomly modified by specific movements to 
generate new conformations. In our model, three monomer movements are considered: two 
“internal” movements (end-bond and kink-jump) (Verdier and Stockmayer, 1962) and a 
“global” movement (pivot) (Baschnagel et al., 2004). 
 
 
End-bond Kink-jump 
 
Pivot 
Figure III.6. Elementary movements used in our Monte Carlo simulations to achieve 
system lowest total energy. 
 
III.4.4. Protonation/Deprotonation Simulation Methods 
To compute the titrating behavior of a weak polyelectrolyte, a Grand Canonical ensemble 
with a fixed bulk chemical potential for the protons is used to generate reversible protonation/ 
deprotonation processes. There are a few variations of the Monte Carlo procedure presented 
above which involve changes in the details of step 3 (see section III.4.2). In addition to the 
conformation sampling, at regular simulation steps, monomers are chosen randomly in the 
limit of N/4 monomers, and monomer charge states are modified. In order to achieve an 
efficient conformational relaxation of the chain after switching on or off monomer charges, 
the protonation/deprotonation procedure is less frequent than that of the monomer 
movements; typically 10’000 simulation steps are generated against 1 step of 
protonation/deprotonation. The acceptation of each protonation/deprotonation step is related 
to the Monte Carlo Metropolis selection criterion.  
The energy variation associated with the probability for accepting a new charge state is the 
sum of the change in the electrostatic interactions ∆Ec and a term that corresponds to the free 
energy change of the monomer intrinsic association reaction (Reed and Reed, 1992). Hence, 
considering a weak polyelectrolyte, the energy change, ∆Etot, associated with the Metropolis 
criteria is: 
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 tot c B 0(pH p ) ln(10)∆ = ∆ ± −E E k T K  (III.25) 
 
where pH is the reverse logarithmic representation hydrogen proton (H+) concentration and 
pK0, the negative logarithm of the intrinsic dissociation constant K0 of a monomer. Here, the 
chemical potential is fixed, hence the difference pH-pK0 is an input parameter and, the degree 
of ionization α is a mean value which is measured during the production period. 
When weak polyampholytes are considered, the term which is given by the change in free 
energy of the intrinsic association reaction of a monomer  
 
 ( )tot c PA 0pH-p ln(10)∆ = ∆ ± iE E C K  (III.26) 
 
where pH is an input parameter in the simulations. When a monomer is protonated, the plus 
sign is used in equation (III.26) (conversely, when the monomer is deprotonated, the minus 
sign is required). The constant CPA is equal to +1 or –1 when a monomer A (pK0i = pK0A) or B 
(pK0i = pK0B) is respectively considered.  
 
III.5. The Multiple Minima Problem and Simulated 
Annealing Method  
Exploration of the conformational space of a flexible polyelectrolyte is not an easy task 
because of the large number of minima associated with the potential energy surface. The 
multiplicity of conformations and possible dense structures when more than one nanoparticle 
are adsorbed onto a flexible or semi-flexible polyelectrolyte chain is expected to lead to non 
reproducible results.  
To improve convergence to the global minimum, we used simulated annealing. Simulated 
annealing is an optimisation method applicable to search for the total energy global minimum 
(Kirkpatrick et al., 1983) and is a technique widely used in many areas: e.g., the temperature 
of a molten substance is often slowly reduced until the material crystallizes to give a perfect 
crystal with a minimum number of defects. Using simulated annealing, at high temperature, 
the system is able to sample high energy regions of the conformational space and to pass over 
high energy barriers. Here, slow cooling gives then a better probability to reach the lower 
energy state in accordance with the Boltzmann distribution.  
When a flexible polyelectrolyte is considered, the annealing schedule Ti = f.(Ti-1) is used 
during the equilibration period where Ti is the temperature of the systems in the ith annealing 
step. The scaling factor f is set to f = 0.9 and the desired final temperature Tf = 298 K is 
reached after 40 annealing steps. 
Variation of the system total energy as a function of temperature for a given simulation for the 
last 16th annealing step is presented in Figure III.7. 
47
  
 
 
Figure III.7. Variation of the system total energy as a function of temperature for a given 
simulation for the last 16th annealing step. Details of simulation parameters are available in 
Table A.III.2 in Appendix. The pH-pK0 is set to 3.25 and α = 1.00 at 298 [K]. The a) 
conformation is obtained without the simulated annealed technique. The final conformation 
b) resulting from the production period of a simulated annealing simulation is also 
presented. Non adsorbed nanoparticles are not represented.  
 
In such conditions (see Paper VI for details), a simulation and characteristic structures are 
only reproducible using the simulated annealing method and it rises to conformations with 
lower total energy. 
The conformation a) is obtained without the simulated annealed technique and the total 
energy of the presented conformation is -310 [kBT]. On the other hand, the final conformation 
issued when simulated annealing is used and Tf = 298 [K], is presented in b). Here, the total 
energy reaches a mean value of Etot = -840 [kBT]. 
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Chapter IV 
Isolated Polyelectrolytes 
 
 
 
 
 
  
IV.1. Strong Polyelectrolytes 
IV.1.1. Fully Charged Flexible Chains 
Polyelectrolyte conformations are strongly related to the intensity of the electrostatic 
repulsions between the monomers, i.e., when the Debye screening length κ-1 is larger than the 
distance between two charges. Hence, screening effects due to added salt in such conditions 
will play a key role on conformations.  
Considering a frozen polyelectrolyte chain with a number of monomers N = 80 and a degree 
of ionization α = 1.00, the electrostatic energy part on each monomer is represented as a 
function of its position along the chain backbone for different ionic concentrations, Ci (details 
of simulations parameters are available in Table A.IV.1 in Appendix).  
 
 
 
 
 
 
 
 
a) 
 
 
 
b) 
Figure IV.1. a) Monomer electrostatic energy as a function of monomer i position on a 
frozen chain backbone for different ionic concentrations. The number of monomers N = 80. 
b) Frozen conformation used in simulations. 
 
When Ci = 0.001 [M], the electrostatic energy is decreasing from the middle part of the 
polyelectrolyte to the end extremities because the local charge density is not homogenous 
along the chain. Hence, it brings to light the influence on N of the polyelectrolyte behavior. 
Screening effects are illustrated here by the decrease of the electrostatic energy when the ionic 
concentration increases at a given monomer position. Electrostatic finite size effects decrease 
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with the increase of the ionic concentration and are expected to play an important role on 
conformation and adsorption, especially when short chains are considered at low ionic 
concentration.  
Equilibrated conformations of isolated polyelectrolyte with α = 1.00 are presented in Table 
IV.1 as a function of ionic concentration Ci and number of monomers, N. Simulation 
parameters are summarized on Table A.IV.2 (see Appendix).  
 
Table IV.1. Equilibrated conformations of isolated fully charged polyelectrolytes as a 
function of the ionic concentration, Ci and number of monomers, N. a 
 
a Monomer size is similar for all the conformations. Extended chains which exhibit large 
dimensions have been reduced in size and subsequently monomer size appears different 
from one to another. 
 
Qualitatively, it is seen in Table IV.1 and at low ionic concentration, that extended structures 
or rod-like conformations are achieved in order to minimize the energy of the chain. When 
screening increases, polyelectrolytes become less stretched.  
To characterize the conformational change of the polyelectrolyte with the ionic concentration 
qualitatively, we calculated: i) the ratio r value; and ii) the root mean-square end-to-end 
distance as a function of N and Ci. Variations of the ratio r as a function of κ-1 are presented in 
Figure IV.2a) for different values of N.  
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a) 
 
 
 
 
 
 
b) 
Figure IV.2. a) r = < Ree2 > / < Rg2 >  as a function of κ-1 at various chain lengths.  
b) < Ree2 >1/2  as a function of κ-1 at various chain lengths. The dot line limit indicates the 
situation where κ-1 is larger than < Ree2 >1/2. 
 
When κ-1 is small, large chains adopt coiled conformations. The ratio r is close to 6.3, 
increases with κ-1 and reaches a plateau when κ-1 is larger than < Ree2 >1/2  (see Figure IV.2b). 
The electrostatic interactions force the polyelectrolyte chain to be more stretched. Rod-like 
chains (r = 12) are not encountered because the thermal energy always causes movements and 
local chain deformations.  
Scaling concepts can be applied to check our model. The mean-square radius of gyration  
< Rg2> as a function of N is presented in Figure IV.3. Two limits are considered: when 2νrod = 
2.000 and 2νSAW = 1.176. A linear dependence of the variation of the mean-square radius of 
gyration with N is found for every investigated ionic concentration value. Nonetheless, it is 
worth noting that these two limits are never encountered. The slopes are equal to 1.970, 1.796 
and 1.439 when the ionic concentration is equal to Ci = 0.001, 0.01 and 0.1 [M] respectively.  
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 Figure IV.3. Log-log representation of the variation of <Rg2> as a function of N and 
different ionic concentration Ci.  
 
Local monomer arrangement is made possible to analyze by studying the variation of the 
angle <θi> as a function of monomer positions. At low ionic concentration, a significant 
increase of <θi> in the central part of the chain is observed (Figure IV.4). This observation 
has to be correlated with the increase of electrostatic interactions in the middle part of the 
chain. 
 
 
Figure IV.4. Variation of the mean angle <θi > along the chain with N = 200 as a function 
of monomer position i with different value of ionic concentration Ci.  
 
The mean value of <θi> over all the i monomer is noted <θ >. The variation of <θ > as a 
function of chain length is depicted in Figure IV.5 for different ionic concentrations. It should 
be noted that <θ
 
> is constant with N at high ionic concentration whereas, at low ionic 
concentration, <θ
 
> increases with the increase of N and reaches a plateau value. Such a 
behavior illustrates the increase of electrostatic interactions with N.  
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 Figure IV.5. Variation of the mean angle <θ
 
> over the backbone as a function of  N for 
different ionic concentrations. 
 
IV.1.2. Influence of the Ionization Degree 
As strong polyelectrolytes are investigated here, α is an input parameter and is set 
independent of the pH solution (Brynda et al., 2002). Charges are regularly distributed along 
the chain to achieve homogeneous charge distributions.  
Qualitatively, the chain size decreases with the decrease of the charge (Table IV.2).  
To describe the extend-to-coil transition qualitatively, the influence of α on the polymer 
mean-square radius of gyration <Rg2> is presented in Figure IV.6.   
 
 
Figure IV.6. Mean-square radius of gyration <Rg2> as a function of the degree of ionization 
α. The number of monomers is set to N = 200.  
 
A continuous decrease of <Rg2> is observed with the decrease of the degree of ionization. 
<Rg2> variation with α is less pronounced, as expected at high ionic concentration because of 
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the screening of the repulsive monomer/monomer interactions.Log-log representation of the 
mean-square radius of gyration <Rg2 > of neutral polymers (α = 0.00) as a function of N is 
presented in Figure IV.7. It is observed that the variation of <Rg2 > as a function N follows a 
linear dependence with a slope equal to 1.180.  As expected, the neutral chain conformations 
are close to the SAW conformations since the calculated Flory scaling exponent, v = 0.591, is 
close to the corresponding SAW theoretical value ( v  = 0.588) (Rubinstein and Colby, 2006). 
 
 
Table IV.2. Monte Carlo equilibrated conformations of isolated charged polymers as a 
function of the ionic concentration and degree of ionization. Ionization of the chain is 
homogeneous. The number of monomers is set to N = 200. Simulation parameters are 
summarized in Table A.IV.3 (see Appendix). 
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 Figure IV.7. Log-log representation of the variation of the mean-square radius of gyration  
< Rg2 > as a function of the total number of neutral monomers, N. An equilibrated 
conformation of neutral polymer when N = 200 is also presented. Simulation parameters are 
summarized in Table A.IV.4 (see Appendix). 
 
IV.1.3. Semi-Flexible Polyelectrolytes 
To gain an insight into the role of intrinsic polymer chain flexibility, equilibrated 
conformations of isolated semi-flexible polyelectrolyte chains are presented versus Ci and kang 
in Table IV.3 where the semi-rigid polyelectrolyte conformation is observed to be strongly 
dependent on the ionic concentration and kang.  
To characterize the conformational changes of the chain qualitatively, the log-log 
representation of the mean-square end-to-end distance <Ree2> is presented in Figure IV.8 as a 
function of the chain intrinsic rigidity parameter.  
 
 
Figure IV.8. Log-log representation of the mean-square end-to-end distance <Ree2> as a 
function of the chain intrinsic rigidity parameter kang at different ionic concentration Ci. 
Simulation parameters are summarized in Table A.IV.5 (see Appendix). 
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An increase of <Ree2 > is observed when kang is increasing, with a maximum value when kang = 
0.04 [kBT/deg2]. Hence, both electrostatic repulsions (large scale effect) and intrinsic stiffness 
(local effect) are clearly contributing to the extension of a polyelectrolyte chain. When kang is 
large, <Ree2> converges to the rod-like limit and the contribution of the electrostatic 
repulsions to the semi-flexible conformation is unimportant. 
The variation of the angle <θi > as a function of monomer position is presented in Figure IV.9. 
An increase of <θi > is observed in the central part of the chain when kang is small. On the 
other hand, when 0.01 ≤ kang ≤ 0.04 [kBT/deg2], finite size effects are not observed since the 
intrinsic rigidity also affects the terminal monomers.  
 
 
Table IV.3. Equilibrated conformations of isolated semi-flexible polyelectrolyte with N = 
200 and α = 1.00. Simulation parameters are presented in Table A.IV.5 (see Appendix). 
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 Figure IV.9. Variation of the mean angle <θ i> along the chain with N = 200 as a function 
of monomer position i with different kang values when Ci = 0.001 [M].  
 
 
 
 
 
 
 
 
a) 
 
 
 
 
 
 
b) 
Figure IV.10. Variation of C(k) as a function k when N = 200 when a) α = 0.00 and b) α = 
1.00. Three ionic concentration values are considered. Simulation parameters are presented 
in Table A.IV.6 (see Appendix). 
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To gain an insight into the persistence length values, the bond angle correlation function Bac 
is calculated in Figure IV.10a) when α = 0.00 and b) α = 1.00. Three values of intrinsic 
rigidity kang = 0.00, 0.01 and 0.04 [kBT/deg2] are considered with Ci = 0.001 [M]. Because of 
end effects, 20 % of the monomers (situated at chain extremities) are not considered when 
BAC is calculated. As a result, such an approach makes sense when relatively long chains are 
under consideration.  
The intrinsic persistence lengths (when α = 0.00) are found to be equal to l0 = 21, 412 and 
1760 [Å] when kang = 0.00, 0.01 and 0.04 [kBT/deg2] respectively (Figure IV.10a). As 
expected, l0 is found to increase with the increase of the kang value.  
The total persistence lengths are then calculated (Figure IV.10b) when α = 1.00. It is found 
that lp = 709, 917 and 1899 [Å] when kang = 0.00, 0.01 and 0.04 [kBT/deg2] respectively. By 
comparing Figures IV.9a) and IV.9b), stiffness increases with the increase of the degree of 
ionization because of the presence of the electrostatic interactions. From this, using lp= l0 + le, 
the electrostatic persistence lengths are found equal to le = 688, 505 and 139 [Å] when kang = 
0.00, 0.01 and 0.04 [kBT/deg2] respectively.  
 
IV.2. Hydrophobic Chains 
IV.2.1. Hydrophobic Neutral Polymers 
The formation of dense globules is here considered to check the efficiency and validity of the 
sampling movement procedure used in our model. Neutral flexible SAW chains at various 
size were confined in poor solvent conditions with α = 0.00. The van der Waals parameter 
was arbitrarily fixed at εvdW = 1.00 [kBT]. The mean-square radius of gyration of a neutral and 
flexible chain as a function of the number of monomer N are presented in Figure IV.11.  
 
 
Figure IV.11. Log-log representation of the mean-square radius of gyration <Rg2> of a 
neutral and flexible chain as a function of the number of monomer N. The parameter εvdW is 
arbitrary fixed at εvdW = 1.00 [kBT]. Simulation parameters are presented in Table A.IV.7 
(see Appendix). 
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The fractal dimension Df of the chains was also calculated to check the compactness degree 
qualitatively. The scaling law <Rg2> ∼ 2N ν where v is the Flory exponent with v = 1/Df was 
considered. The theoretical values of Df requires a rigorous and systematic monomer 
distribution in space which is usually difficult to achieve using connected units. When N ≤ 
120, the calculated fractal dimension Df = 2/0.67 = 2.98 is very close to the space 
dimensionality and shows that the model is able to mimic poor solvent conditions by 
producing isotropic dense conformations.  
 
 
Figure IV.12. Log-log representation of the mean-square radius of gyration <Rg2> of a 
neutral and flexible chain as a function of the number of monomer N.  Simulation 
parameters are presented in Table A.IV.8 (see Appendix). 
 
However, when the number of monomers is large, i.e., when N > 160, a large number of 
Monte Carlo steps is required to achieve dense conformations. Despite an important number 
of MC steps, our model deviates from the ideal curve. As a result, when poor solvent 
conditions are considered, our program is restricted to polymer chains with N ≤ 160. The 
radius of gyration of a neutral chain was calculated for different values of N and εvdW so as to 
obtain a RW chain statistic. Hence, it is expected that in θ conditions, the chain fractal 
dimension is equal to 2. As shown in the Figure IV.12, θ conditions are achieved when εvdW is 
close to 0.55 [kBT] when N = 80. 
 
IV.2.2. Hydrophobic Strong Polyelectrolytes 
In Table IV.4, hydrophobic polyelectrolyte chains are investigated as a function of Ci and 
monomer hydrophobicity. When Ci = 0.1 [M], by increasing the chain hydrophobicity, the 
polyelectrolyte undergoes a transition from swollen to collapsed conformations. The 
screening of long-range electrostatic repulsions causes the attractive short-range interactions 
to form dense conformations. On the other hand, when Ci = 0.001 [M], long-range 
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electrostatic interactions between monomers are now significant and chains adopt more 
elongated conformations.  
 
Table IV.4. Equilibrated chain conformations versus ionic concentration and attractive 
monomer/monomer interaction potentials. Simulation parameters are presented in Table 
A.IV.9 (see Appendix) 
 
 
Chodanowski and Stoll (1999) numerically investigated the conformations in dilute solutions 
of fully charged strong hydrophobic polyelectrolyte. The role of attractive interactions 
between hydrophobic groups and repulsive interactions was investigated. Due to the presence 
of competing forces, hydrophobic polyelectrolytes exhibit more variety of solution properties 
than polyelectrolytes without hydrophobic groups. There was a range of ionic concentration 
and hydrophobic interactions in which strong polyelectrolytes exhibit specific but stable 
conformations, namely the pearl-necklace and the cigar-shape conformations. The cigar-shape 
conformation is described as an anisotropic collapsed coil, whereas the pearl-necklace is 
defined as a conformation where compact beads are joined by linear strings. When εvdW = 
5.00 [kBT] and Ci = 0.001 [M], pearl-necklace conformations are achieved. Cigar-shape 
conformation is observed when εvdW = 5.00 [kBT] and Ci = 0.01 [M]. 
The pearl-necklace conformation was first proposed by Kantor and Kardar (1994a, 1994b, 
1995) for polyampholytes by analogy with the Rayleigh (1882) instability of a charged 
droplet. In the case of hydrophobic polyelectrolytes, this unusual conformation was also 
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obtained theoretically by Dobrynin et al. (1996, 1999, 2001a, 2001b) and simulations studies 
(Chodanowski and Stoll, 1999; Lyulin et al., 1999; Limbach et al., 2002; Holm et al., 2003; 
Limbach and Holm, 2003; Montesi et al., 2004). Recently, by AFM, Gromer (2007) also 
visualized pearl-necklace conformations by investigating the behavior of PSS.  
Plotting the number of beads Nbeads as a function of the total number of monomers in the 
strong hydrophobic regime (εvdW = 5.00 [kBT]) it is observed that Nbeads is following a linear 
dependence with chain size according to 1.53beads ~N N  (Figure IV.13). This result is consistent 
with the theoretical approach made by Dobrynin et al. (1996) to describe the pearl-necklace 
structures.  
 
 
Figure IV.13. Log-log representation of the variation of the number of beads, Nbeads, as a 
function of the total number of monomers  in the strong hydrophobic regime (εvdW = 5 [kBT]) 
at Ci = 0.001 [M]. A scaling dependence such as Nbeads ∼ N1.53 is found. Equilibrated 
conformations with different number of monomers are presented in insert (simulation 
parameters are presented in Table A.IV.10 (see Appendix). 
 
It should be noted here that the mean mass of the beads at the chain extremities is 
significantly higher than those of the other beads because of finite size effects. The balance 
between short-range hydrophobic attractive interactions and long-range electrostatic repulsive 
interactions at chain extremities is different compared to the behavior in the central part of the 
chain. Equilibrated pearl-necklace conformations with different numbers of monomers are 
presented in Figure IV.13.  
It is observed that most of the mass is concentrated in beads. By plotting the variation of the 
mean number of monomer in beads as a function of the total number of monomers in the 
strong hydrophobic regime (Figure IV.14), a linear dependence is observed and it is found 
that 79 % of monomer are concentred in beads. Once again, this result is consistent with the 
theoretical picture of strong hydrophobic polyelectrolytes of Dobrynin et al. (1996). 
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 Figure IV.14. Variation of the mean number of monomers in beads as a function of the total 
number of monomers in the strong hydrophobic regime (εvdW = 5.00 [kBT]) at Ci = 0.001 
[M].  
 
IV.3. Weak Polyelectrolytes 
In Figure IV.15, the variation of pH-pK0 as a function of the degree of ionization α issued 
from equation (II.1), i.e., in the ideal conditions, is presented.  
 
 
Figure IV.15. Ideal curve issued from the equation of Henderson-Hasselbalch. 
Polyelectrolyte titration curves are systematically compared with such a curve.  
 
It should be noted that to avoid infinite values at pH-pK0 = -2.00 and 2.00, α values were set 
to 0.00 and 1.00 respectively. In this thesis, the calculation of polyelectrolyte titration curves 
which are defined as the variation of pH-pK0 as function of α, are made and the effects on 
acid/base properties of chain and solution properties and the presence of oppositely charged 
nanoparticles are systematically investigated. It is worth noting that the pH-pK0 is an input 
parameter and the degree of ionization α is measured over the production period and 
expressed with two significant digits. When α ≥ 0.995, the value is noted α = 1.00 and the 
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chain is termed as fully charged. On the other hand, when  α < 0.005, the degree of ionization 
is noted α = 0.00 and the polymer is termed as fully uncharged. 
 
IV.3.1. Weak Flexible Polyelectrolytes 
To investigate chain length effects on the titration curves, the monomer number N was 
adjusted from 20 to 300 and the ionic concentration set to Ci = 0.001 [M]. As illustrated in 
Figure IV.16, at a given pH-pK0, the degree of ionization decreases when N increases. Hence 
in the same conditions, small chains exhibit a higher degree of ionization because: i) of end 
effects; and ii) chains are more difficult to ionize by increasing the size of the chains, as the 
intensity of the electrostatic repulsions is more important.  
 
 
Figure IV.16. Titration of a flexible polyelectrolyte (polyacid). When N ≥ 200, an 
asymptotic regime is observed. Simulation parameters are given in Appendix, Table 
A.IV.11. 
 
Figure IV.17. Titration of a flexible polyelectrolyte for different ionic concentrations with 
N = 200. 
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It should be noted that an asymptotic limit is usually obtained at N = 200 for a flexible chain 
and that size effects are found to be less pronounced by increasing the ionic concentration in 
good agreement with the decrease of the Debye length of the system. Thus N = 200 was 
further chosen by default in most of our work to limit effects related to the size of the chains 
as well as the simulation computational time. Thus considering the difference between the 
acid/base properties of the polymeric acid and the corresponding isolated monomer, i.e., ∆pK 
at a given degree of ionization α, it is clearly shown that ∆pK increases continuously with the 
polyelectrolyte degree of ionization. Moreover, due to screening effects, ∆pK decreases with 
an increase of Ci for a given α (Figure IV.17). 
Berghold et al. (1997) and independently Castelnovo et al. (2000) theoretically investigated 
the equilibrium of charge distribution along a single annealed polyelectrolyte chain under 
different conditions. Both works find the same conclusion qualitatively: due to the finite 
length of the chain, the charges accumulate at the chain ends where there are less 
neighbouring charges. It was found that this effect is less important when ionic concentration 
is increased. Castelnovo et al. (2000) also clearly demonstrated that the chain conformations 
could be controlled by the variation of the degree of ionization, i.e., the pH of the solution and 
recombination of ionic correlations along the chain. 
 
IV.3.2. Weak Semi-Flexible Polyelectrolytes 
We carried out simulations with an isolated semi-flexible chain with N = 200 and Ci = 0.001 
[M] to investigate chain stiffness effects on the titration curves. Three values of kang were 
considered and equal to kang = 0.00, 0.001 and 0.02 [kBT/deg2] (Figure IV.18).  
 
 
Figure IV.18. Titration of a semi-rigid polyelectrolyte at different ionic concentration with 
N = 200. Simulation parameters are given in Appendix, Table A.IV.12. 
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The increasing difficulty of removing protons with the increase of α is expected to be mainly 
due to the increase of repulsive electrostatic interactions. Since the increase of chain stiffness 
promotes polyelectrolyte expansion, ionization will be easier from rigid structures. As a 
result, at a given degree of ionization α, ∆pK decreases with the increase of chain intrinsic 
stiffness as shown in Figure IV.18.  
 
IV.3.3. Hydrophobic Weak Polyelectrolytes 
To our knowledge, Hooper et al. (1990) and Sassi et al. (1992) were the first to use lattice 
Monte Carlo simulations to study titration and conformational properties of isolated 
hydrophobic polymers containing weakly ionizable groups. Simulations demonstrated that the 
polyelectrolyte expanded continuously with increasing chain ionization and that the presence 
of hydrophobic interactions was increasing the local charge density making the 
polyelectrolyte more compact and hence more difficult to ionize.  
Raphael and Joanny (1990) investigated the behavior of strong and weak polyelectrolytes in a 
poor solvent, predicting a first order phase transition from a compact conformation of the 
chain to an extended state. Investigating the importance of charge distribution along a weak 
polyelectrolyte under different conditions, Castelnovo et al. (2000) show that the charge 
inhomogeneity leads to a charge instability which disadvantages the pearl-necklace formation. 
On the other hand, Deserno (2001) argued that their might be a small domain where pearl-
necklace structures survive charge regulation. The existence of pearl-necklace for weak 
polyeletrolyte was determined by experimental evidence when conformational changes of 
flexible polyelectrolyte molecules in poor solvent upon adsorption onto mica were determined 
by AFM (Atomic Force Microscopy) (Kirwan et al., 2004). 
As previously demonstrated, weak polymer chains can undergo significant conformational 
changes during titration. They can adopt various conformations according to the physico-
chemical properties of the surrounding solution. If the conformational change is gradual, pH–
pK0 is expected to follow a monotonic increasing function with the ionization degree. 
However, water can also constitute poor solvent conditions for many polymer chains. In that 
case, short range hydrophobic interactions are expected to play a role on the polyelectrolyte 
conformation.  
In paper I, Monte Carlo simulations have been used to explore the conformational changes 
and titration curves of weak polyelectrolytes by focusing on the roles of the ionic 
concentration, pH-pK0 values, hydrophobic interactions and chain length. Depending on these 
parameters, hydrophobic polyelectrolytes can adopt various and complex conformations such 
as extended, pearl-necklace, cigar shape, self-avoiding walk and globular conformations.  
Full phase diagrams have been achieved at different ionic concentrations by adjusting the pH-
pK0 value and the intensity of the hydrophobic interactions. Cascades of conformational 
changes produce large changes in the ionization degree within a small range of pH-pK0 
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The conformation and titration curves of weak or annealed hydrophobic polyelectrolytes have
been examined using Monte Carlo simulations with screened Coulomb potentials in the grand
canonical ensemble. The influence of the ionic concentration pH and presence of hydrophobic
interactions has been systematically investigated. A large number of conformations such as
extended, pearl-necklace, cigar-shape, and collapsed structures resulting from the subtle balance of
short-range hydrophobic attractive interactions and long-range electrostatic repulsive interactions
between the monomers have been observed. Titration curves were calculated by adjusting the
pH-pK0 values pK0 represents the intrinsic dissociation constant of an isolated monomer and then
calculating the ionization degree  of the polyelectrolyte. Important transitions related to cascades
of conformational changes were observed in the titration curves, mainly at low ionic concentration
and with the presence of strong hydrophobic interactions. We demonstrated that the presence of
hydrophobic interactions plays an important role in the acid-base properties of a polyelectrolyte in
promoting the formation of compact conformations and hence decreasing the polyelectrolyte degree
of ionization for a given pH-pK0 value. © 2005 American Institute of Physics.
DOI: 10.1063/1.1856923
I. INTRODUCTION
Due to their remarkable properties and wide possible
applications polyelectrolyte chains, defined as polymers hav-
ing many ionizable groups, have since more than one half-
century stimulated great interest from both experimental and
theoretical point of views.1–5 They are used in numerous in-
dustrial applications from food chemistry, as taste and smell
enhancement, to waste water treatment processes as floccu-
lants. Polyelectrolytes may be natural, such as polypeptides,
polysaccharides, and DNA, or may be synthetic and their
primary structure may be linear, branched, involving den-
drimer or helical conformations for example. When charges
along the polyelectrolyte are in a frozen configuration,
charge distribution depends only on the initial chemistry and
is not sensible to large pH variations. In such cases, charged
polymers are usually termed as strong polyelectrolytes or
quenched polyelectrolytes. On the other hand, when the
amount of charged sites varies as a function of the pH and
therefore ionization sites are able to move along the chain,
the polymer is defined as a weak polyelectrolyte or annealed
polyelectrolyte. The number of charges at given pH hence
depends not only on the acid-base properties of the polyelec-
trolyte but also on the ionic strength, polyelectrolyte concen-
tration, and presence of other charged species such as coions
and counterions.
The dissociation of an isolated acid monomer HA in an
aqueous medium is given by
HA H+ + A−. 1
According to the law of mass action, the equilibrium con-
stant is
K0 =
H+A−
HA
, 2
where H+, A−, and HA are the concentrations of disso-
ciated hydrogen, dissociated, and undissociated acid, respec-
tively. The degree of ionization is defined by
 =
A−
A− + HA
3
and considering equation 2, solution pH and ionization de-
gree are related to pK0 by
pK0 = pH − log

1 − 
. 4
The behavior of polyacids can be described in a very similar
way. Nonetheless, it is well established that due to the mono-
mer connectivity along a linear chain and the presence of
short- and long-range interactions, the further increase of the
charge density is made difficult.6,7 Hence, the increase of the
electrostatic repulsions between charged monomers along the
chain is expected to play an important role in the acid-base
properties of the polyelectrolyte, if comparison is made with
free monomers in solution. One of the most important char-
acteristic features of the dissociation equilibrium is the con-
tinuous decrease of K with increasing the degree of ioniza-
tion . Hence, if polymeric acids are considered, one have to
use an apparent dissociation constant.7–11 The difference be-
tween the acid-base properties of the polymeric acid and the
aAuthor to whom correspondence should be addressed. Electronic mail:
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corresponding acidity of the isolated monomer pK is de-
fined as
pK = pK–pK0 = pH–pK0 − log

1 − 
, 5
where pK0 is the intrinsic pKa of an isolated monomer and
pK is the apparent equilibrium constant. The difference be-
tween the apparent and intrinsic pKa is related to the excess
of free energy due to the interactions between titrating sites.
Equation 4 can be expressed as
pK = pH − log

1 − 
+
1
NkBT ln 10
Fex

, 6
where Fex is the excess free energy of the polyelectrolyte
chain and N is the chain length. It should be noted that the
apparent dissociation constant largely depends both on the
degree of ionization of the acid and on the ionic concentra-
tion of the solution because of the influence of screening
effects between charges. Polyelectrolyte length as well as
concentration is also expected to play roles.
Potentiometric titrations of polyelectrolytes in aqueous
solutions have been largely studied in the literature from an
experimental and theoretical point of view.8,12–14 From these
studies it comes out that weak polymer chains can undergo
significant conformational changes during titration. They can
adopt various and complex conformations according to their
surrounding solution. In addition, water constitutes poor sol-
vent conditions for many polymer chains. Hence, attractive
interactions are induced between the monomers and are re-
lated to the Flory parameter = −T /, where T represents
the solvent temperature and  the Flory compensation
temperature.15,16 Gaussian chains are expected to be formed
when T=. When T good solvent conditions, chains
adopt extended conformations such as rigid rods, whereas
chains are expected to collapse into dense conformations
when T bad solvent conditions.14,17–29 To illustrate this,
it has been shown from experimental evidence that the prop-
erties in aqueous solution of some polyelectrolytes, such as
polymethacrylic acid PMA, glutamic acid polymers,7,13 or
copolymers of maleic anhydride and alkyl vinyl,30 are some-
what surprising. For example, viscosimetric31,32 and poten-
tiometric titrations32–40 on PMA have shown that the undis-
sociated form assumes a globular conformation, while PMA
adopts a highly extended conformation when the carboxylic
acid groups are ionized. If the polyelectrolyte is in a good
solvent, pH-pK0 is expected to follow a monotonic increas-
ing function with the ionization degree. If the polyelectrolyte
is more hydrophobic pH-pK0 will follow a nonmonotonic
function with .
Titration of polyelectrolytes has also been investigated
by computer simulations.8,9,41–49 Monte Carlo simulations
have been used by Ullner and co-workers to investigate dif-
ferent models for a linear, titrating polyelectrolyte in both
salt-free environment41 or in the presence of salt,42 and using
explicit simple ions.43 The effects of model parameters were
discussed and the results were compared to experiments
which were from polyacrylic acid, poly-D, L-, glutamic
acid, and carboxymethyl cellulose. Hooper and Sassi44,45
used lattice Monte Carlo simulations to study titration and
configurational properties of isolated hydropobic polymers
containing weakly ionizable groups. Simulations demon-
strated that the polyelectrolyte expanded continuously with
increasing chain ionization and that the presence of hydro-
phobic interactions was increasing the local charge density
making the polyelectrolyte more compact and hence more
difficult to ionize. More recently, Uyaver and Seidel47 pre-
sented Monte Carlo simulations on polyelectrolyte in poor
solvent. Increasing the pH of the solution, they found a first-
order phase transition between a weakly charged globule and
a highly charged extended chain.
In a previous work, we numerically investigated, using
Monte Carlo simulations, conformations in dilute solutions
of fully charged polymer chains containing hydrophobic
monomers strong hydrophobic polyelectrolytes.50 When
strong hydrophobic polyelectrolytes are considered, attrac-
tive interactions between hydrophobic groups compete with
repulsive interactions of the monomer charges. Due to these
competing forces, hydrophobic polyelectrolytes exhibit more
variety of solution properties than polyelectrolytes without
hydrophobic groups. Our results demonstrated that there was
a range of ionic concentration and hydrophobic interactions
in which strong polyelectrolytes exhibit specific but stable
conformations, namely, the pearl-necklace and the cigar-
shape conformations. The cigar-shape conformation is de-
scribed as an anisotropic collapsed coil, whereas the pearl
necklace is defined as a conformation where compact beads
are joined by linear strings. The necklace conformation was
first proposed by Kantor and Kardar51–53 in the case of
polyampholytes polymers with a random sequence of posi-
tive and negative charges along their backbone by analogy
with the Rayleigh instability of a charged droplet. In the case
of hydrophobic polyelectrolytes, this unusual conformation
was also obtained theoretically by Dobrynin and
co-workers54–57 and simulations studies.17,23–27,50,58
Raphael and Joanny14 investigated the behavior of strong
and weak polyelectrolytes in a poor solvent, predicting a
first-order phase transition from a compact conformation of
the chain to an extended state. Castelnovo, Sens, and
Joanny59 investigated the importance of charge distribution
along a weak polyelectrolyte under different conditions cou-
pling the conformation of the chain and the local charge
distribution for various solvent qualities and salt concentra-
tion. This charge inhomogeneity leads to a charge instability
which disadvantages the pearl-necklace formation. On the
other hand Deserno60 argued that there might be a small
domain where the pearl-necklace structure survives charge
regulation. Nonetheless, recently, the existence of pearl neck-
lace for weak polyelectrolyte was determined by experimen-
tal evidence when conformational changes of flexible poly-
electrolyte molecules in poor solvent upon adsorption onto
mica were determined by atomic force microscopy AFM.61
In this work, we performed Monte Carlo simulations
with screened Coulomb potentials in the grand canonical en-
semble to gain an insight into the conformations, titration
curves of hydrophobic weak polyelectrolytes, and possible
conformational transitions during the titration procedure re-
lated to the formation of pearl-necklace structures. Computer
094911-2 Ulrich, Laguecir, and Stoll J. Chem. Phys. 122, 094911 2005
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simulations, in particular Monte Carlo simulations, are ex-
pected to provide a useful tool for investigating directly the
chain conformations for which all interactions are exactly
known. The paper is organized as follows: the model and
Monte Carlo procedures are presented first. Chain conforma-
tions observed during titration are analyzed and the role of
hydrophobic interactions and ionic concentration systemati-
cally investigated. Then the titration curves and influence of
conformational transitions are discussed and the role of the
chain length on the titration curves is finally considered.
II. MODEL
The linear polymer chain is represented as a succession
of N off-lattice three-dimensional freely jointed hard spheres
and each sphere is considered to be a physical monomer of
radius m= lB/2=3.57 Å lB represents the Bjerrum length at
298 K. Depending on the solution pH, the monomers may
have a negative charge equal to 	1 on their centers or may
be neutral. Hard-sphere repulsions Eev are considered to in-
clude monomers excluded volumes. The total energy Etot of
the system does not include the component originating from
the entropy of the polymer chain for a given conformation
but is the sum of the hard-sphere, repulsive, and attractive
interactions between monomers. Hard-sphere repulsions be-
tween a monomer i and a monomer j are described as
uevrij = 
 when rij  i +  j0 when rij  i +  j . 7
The solvent is treated as a dielectric medium with a relative
dielectric permittivity constant r taken as that of water at
298 K, i.e., 78.5. The long-range repulsive electrostatic po-
tential along the distance rij between a charged monomer i
and a charged monomer j is described via a screened Debye–
Hückel potential,
uelrij =
zizje
2
4r0rij
exp− rij , 8
where e is the elementary charge e=1.610−19 C, 0 is the
permittivity of the vacuum 0=8.8510−12 C V−1 m−1,
and z is the amount of charge on the monomer equal to 	1.
The potential uelrij is therefore expressed in C V or J. The
overall effect of free ions is not included and is described via
the dependence of the inverse Debye screening length 2
m−2 on the electrolyte concentration as
2 = 1000e2NA
i
zi
2Ci
0rkBT
, 9
where NA represents the Avogadro number NA=6.022
1023 mol−1, Ci the ionic concentration mol L−1, kB the
Boltzmann constant kB=1.380710−23 J K−1, and T the
temperature all the simulation runs were performed with T
=298 K. A 12-6 Lennard-Jones potential is used to take into
account hydrophobic interactions between monomers,
uvdWrij = vdW r0
rij
	12 − 2 r0
rij
	6
 , 10
where vdW kBT is the minimum depth of the potential
curve located at a distance r0.62 This distance corresponds to
the distance of two monomers in contact. vdW is a relative
value; positive values of vdW mean that monomer-monomer
contacts are energetically favorable, because attractive inter-
actions between monomers are stronger than those between
monomers and solvent. Hence by increasing vdW, hydropho-
bic interactions become more and more important.
We performed Monte Carlo MC simulations according
to the traditional Metropolis algorithm.63 This method in-
volves generating successive “trial” chain conformations to
derive a reasonable sampling of low-energy conformations.
The monomer positions are randomly modified by specific
movements to generate new conformations. These move-
ments include two “internal” movements end-bond and
kink-jump and pivot movements. After each elementary ran-
dom move, the change in energy E is considered and the
Metropolis selection criterion is employed to either select or
reject the movement.
To induce deprotonation/protonation, after a given num-
ber of MC steps, some monomers are randomly chosen and
their charge state is switched to 	1 to 0, respectively. The
chain equilibration is performed and monomer charges modi-
fied again. A good balance between monomer movements,
chain equilibration, and the protonation/deprotonation proce-
dure is achieved. The energy cost to have one additional
charge to a given polyelectrolyte is measured by the chemi-
cal potential which is related to the pH via
 = kBT ln 10pH-pK0 , 11
where the difference pH-pK0 is an input parameter.
Each acid-base reaction of an isolated monomer is ac-
cepted or not by considering again the Metropolis Monte
Carlo selection criterion. Hence the change is defined by
E = Etot ± kBT ln 10pH-pK0 . 12
When a monomer is protonated, the plus sign is used in
Eq. 12 on the other hand, when the monomer is deproto-
nated, the minus sign is required. In the grand canonical
simulations, the chemical potential is fixed and, after energy
minimization, a mean value of  is measured over one-fourth
of simulation steps.
Initially, in our simulations, the degree of ionization  is
set to 1. Then to mimic the polyelectrolyte titration proto-
nation, the pH-pK0 value is decreased by 1 unit after each
equilibration periods. To characterize polyelectrolyte confor-
mational changes during the decrease of the degree of ion-
ization , the mean-square radius of gyration Rg
2 is calcu-
lated after each pH-pK0 step.
III. RESULTS AND DISCUSSION
A. Conformational aspects
We carried out simulations with N=80 at different ionic
concentrations Ci 0M, 0.001M, 0.01M, and 0.1M. van der
Waals interactions ranging from vdW=0kBT to 5kBT with an
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increment equal to 0.5 unit were considered to mimic the
presence of hydrophobic interactions. Results are presented
in Tables I–III as a function of pH-pK0. In the inset of each
cell, equilibrated conformations and average value of the
ionization degree  are given. As expected in the strong hy-
drophobic regime vdW=5kBT and strong electrostatic re-
pulsions Ci0.01M, the pearl-necklace conformations are
achieved. First of all, we note that the degree of ionization 
decreases with decreasing pH-pK0, as expected, and that the
transition from a fully charged to a partially charges chain
begins at different pH-pK0 values according to i the inten-
sity of hydrophobic interactions and ii ionic concentration.
It should be also noted that for given Ci and pH-pK0 values,
hydrophobic interactions promote the polyelectrolyte proto-
nation, i.e., the emergence of neutral monomers. In the low
salt concentration regime, when Ci=0.001M Table I, vdW
=0kBT and pH-pK04, all the monomers are charged they
are represented by highlighted spheres. Long-range electro-
static interactions between monomers are predominant and
the polyelectrolyte adopts elongated conformations. On the
other hand, at pH-pK0=−2, the chain is neutral =0, non-
charged monomers are presented by dark spheres and a self
avoiding walk SAW conformation is observed. When
vdW=0kBT, the chain continuously collapses with the de-
crease of pH-pK0. If we consider strong hydrophobic inter-
actions, typically at vdW=5kBT and when pH-pK06, the
chain has a pearl-necklace conformation with three beads:
two beads at the ends of the chain composed approximately
of 23 monomers and a central bead with 20 monomers. Most
of mass is therefore concentrated in beads. This conforma-
tion characterizes strong hydrophobic polyelectrolytes. When
pH-pK0=8, a few charges are now switched off inside ter-
minal beads first. It is worth to note that by switching off the
charge of a monomer, the monomer decreases its positive
contribution repulsive interaction to the total energy and
the contribution of the monomer becomes negative only van
der Waals interactions. The energy decrease is expected to
be more important if the monomer is in contact with a maxi-
mum number of monomers, i.e., inside a bead.64 This point is
in good agreement with the charge distribution picture given
by Castelnovo, Sens, and Joanny,59 predicting charge hetero-
geneities along the chain. When 6pH-pK00, the chain
adopts a cylinder conformation as a result of the collapse of
the beads. By further decreasing the pH-pK0 value and so
the  value, more isotropic conformations are achieved.
When vdW=3kBT, two small beads at the chain extremities
are observed at pH-pK06 =1. Then by decreasing the
pH-pK0 value, the chain collapses continuously into a dense
and spherical globule without passing by the formation of
cylindrical conformations. When vdW=1kBT, the polyelec-
trolyte exhibits intermediate conformations between those
described for vdW=0 and vdW=3kBT with no beads. Similar
conformations and conformational changes were observed
from a qualitative point of view when Ci=0M.
At intermediate ionic concentration, when Ci=0.01M
Table II, vdW=5kBT and pH-pK04, a dumbbell confor-
mation is now observed. In good agreement with the analyti-
cal theory of necklace formation given by Dobrynin, Rubin-
stein, and Obukhov,54,55 the diameter of the beads has
increased with ionic concentration, while the number of
beads has decreased. When  decreases with the decrease of
TABLE I. Equilibrated conformations of weak hydrophobic polyelectrolyte
with N=80 monomers at ionic concentration Ci=0.001M vs pH-pK0 and for
various hydrophobic interactions. In the inset of each cell, the average value
of the ionization degree  is mentioned. Charged monomers are represented
by light gray spheres whereas noncharged monomers are represented by
dark gray spheres. Due to competing forces, weak hydrophobic polyelectro-
lytes exhibit a rich variety of conformations: pearl-necklace, cigar-shape,
extended, self-avoiding, and dense globular conformations.
TABLE II. Monte Carlo equilibrated conformations with N=80 monomers
and Ci=0.01M as a function of pH-pK0 and for various hydrophobic inter-
actions.
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pH-pK0, the first monomers which are switched off are once
again mainly located within the beads. By further decreasing
pH-pK0 and thus , the polyelectrolyte adopts dense confor-
mations. When vdW=3kBT and pH-pK04, two small beads
are observed at the chain extremities. Decreasing pH-pK0,
the chain collapses into a cigar conformation. Finally, by
decreasing further pH-pK0, globules are observed. When
Ci=0.1M Table III, no pearl-necklace or cigar conforma-
tion are obtained because of the importance of charge screen-
ing in the full domain. In such conditions, hydrophobic in-
teractions are not counterbalanced by electrorepulsive forces
and play a predominant role in the polyelectrolyte conforma-
tion. This picture is in good agreement with some theoretical
models59 predicting the disappearance of the cigar-shape
conformation at low and high values of the charge fraction
and high salt concentration regime.
To prove that our simulation results were obtained from
well equilibration systems, the evolutions of the total energy
of three characteristic conformations the pearl necklace, ci-
gar shape, and collapsed are presented in Fig. 1 as a func-
tion of the number of Monte Carlo steps.
To test chain length dependence on the weak polyelec-
trolyte conformations, Monte Carlo simulations were per-
formed by adjusting the chain length to N=40, 120, 200, and
300 and the solution chemistry Ci=0.001M and vdW
=5kBT was arbitrarily chosen to explore the full domain of
chain conformations. The structures are presented in Table
IV and demonstrate some important features also observed in
Ref. 29 and 50, which are as follows.
i Pearl necklaces are not achieved at N=40.
ii For the pearl necklaces, most of the mass is concen-
trated in beads.
iii The number of beads is increasing with the chain size.
iv The position of the pearl-necklace/cigar-shape transi-
tion i.e., the pH-pK0 value is affected by size
effects.
It should be noted that in this study the maximum chain
size was restricted to N=80 by the limit of available CPU
time required to achieve well equilibrated conformations, all
the possible characteristic conformations, and explore the
various effects of Ci and pH-pK0 values.
By combining all the calculations made at Ci=0.001M
and N=80, we obtained the phase diagram shown in Fig. 2,
which completely describes the conformational behavior of
the weak polyelectrolyte chains as a function of pH-pK0.
Five regions are defined, corresponding to self-avoiding
walk, extended, collapsed, cigar, and pearl-necklace confor-
mations. It should be noted that there is a large region where
we found cigarlike shapes that are similar to Khokhlov’s
original idea65 and that have been challenged in recent years
by the necklace picture. Since the electrostatic interactions
are expected to control the stability of the conformations, the
size and positions of the different regions are expected to be
dependent on Ci and to a less extend influenced by the chain
length.
B. Mean-square radius of gyration
To quantitatively characterize polyelectrolyte conforma-
tional changes during the decrease of pH-pK0, i.e., titration,
the mean-square radius of gyration Rg
2 is calculated. Rg
2
is presented as a function of pH-pK0 Fig. 3a and degree
of ionization  Fig. 3b at different vdW values and as-
suming a constant value for the ionic concentration at Ci
=10−3M. As expected Rg
2 values are strongly related to
vdW. Considering Fig. 3a first, when vdW=0kBT and
pH-pK05, electrostatics have full effects; a large plateau is
obtained and the Rg
2 values are representative of extended
conformations. When pH-pK05, a continuous decrease of
Rg
2 is observed to the formation of SAW conformations.
When vdW=1kBT, smaller values of Rg
2 are obtained de-
noting more compact conformations whatever the pH-pK0
value. Rg
2 decreases continuously when pH-pK04 to
reach a plateau value at pH-pK0=1 which corresponds to
collapsed conformations. As expected Rg
2 values are smaller
than in the case of SAW formation vdW=0kBT. Increasing
TABLE III. MC equilibrated conformations with N=80 monomers at ionic
concentration Ci=0.1M as a function of pH-pK0 and for various hydropho-
bic interactions. Hydrophobic interaction are set to 0kBT, 1kBT, 3kBT, and
5kBT. Because of the screening of the electrostatic interactions, no pearl-
necklace and cigar conformations are achieved.
FIG. 1. Total energy variations as a function of the number of MC steps
using the following parameters: Ci=0.001M and vdW=5kBT. For each run,
the starting configuration is a SAW chain.
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further vdW=3kBT, a sharp transition is achieved within only
two pH-pK0 units when 7pH-pK05 to the formation
of compact structures. When vdW=5kBT, Rg
2 decreases rap-
idly to compact structures. When a few charges are switched
off, the polyelectrolyte yields a cylinder conformation, then
reaches a compact conformation at pH-pK0=8. Then Rg
2
continues to decrease slowly with the decrease of pH-pK0 to
the collapsed globular conformations. Considering the Rg
2
variations as a function of the degree of ionization  Fig.
3b, a monotonic decrease of Rg
2 is observed. The balance
of the electrostatic effect versus hydrophobic interactions as
conformational driving force is clearly shown if one consid-
ers the positions at which the Rg
2 starts to increase with . It
should be noted when vdW=0kBT, Rg
2 follows a smooth
and continuous decrease whereas when vdW3kBT a strong
and rapid decrease is observed.
C. Titration curves
Despite the fact that pH-pK0 is represented here as a
function of the degree of ionization of the chain , it should
be borne in mind that the pH-pK0 values are imposed and the
ionization degrees calculated from the simulations. Titration
curves at vdW=1kBT and Ci=10−3M Fig. 4 are presented
first to discuss the general behavior of the system. The chain
ionization ranges from the fully charged chain =1 to the
neutral or uncharged chain =0. The difference between
the acid-base properties of the polymeric acid and the corre-
sponding isolated monomer, i.e., pK, increases continu-
ously with the degree of ionization. Two limiting curves A
and B using frozen conformations were calculated: for a
globule, namely, form A, and an extended chain, namely,
form B. The two curves A and B constitute the higher and
lower limits for a given ionic concentration. At low  values,
the A form dominates and the titration curve logically lies
along the curve A. At higher values of , the B form is
predominant and as extended conformations are achieved,
TABLE IV. MC equilibrated conformations of weak hydrophobic polyelec-
trolytes at a constant ionic concentration Ci=0.001M and hydrophobic in-
teraction vdW=5kBT. pH-pK0 and chain length N=40, 120, 200, and 300
effects on the chain conformations are shown.
FIG. 2. Phase diagram of the weak polyelectrolyte at Ci=0.001M. The
conformational behavior of the weak polyelectrolyte chains is controlled by
pH-pK0. Five regions are defined, corresponding to self-avoiding walk, ex-
tended, collapsed, cigar-shape, and pearl-necklace conformations.
FIG. 3. Mean-square radius of gyration Rg
2 as a function of a pH-pK0 and
b , with N=80, Ci=10−3M, and vdW values equal to 0kBT, 1kBT, 3kBT,
and 5kBT. The mean-square radius of gyration is calculated after each
pH-pK0 step from equilibrated conformations. By increasing vdW, one ob-
serves a decrease of Rg
2 in the full titration domain as well as a shift of the
transition from extended to collapsed structures to higher values of
pH-pK0.
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curve B and the titration curve are superposed. The observed
transition from A and B occurs in a relatively weak interval
of pH and denotes a conformational change from a compact
globular to an extended conformation. The conformational
transition lies in an approximative range of ionization degree
0.80.2 when 3pH-pK01. It should be noted here
that to check the reversibility of the titration process, two
titration curves were calculated and compared; one from 
=1 to =0 and the other from =0 to =1. As shown in
Fig. 4, these titration curves are equivalent. Hence no hyster-
esis is expected to influence the titration curves.
Titration curves at different ionic concentrations Ci 0M,
0.001M, 0.01M, and 0.1M and four values of hydrophobic
interactions vdW=0kBT, 1kBT, 3kBT, and 5kBT are pre-
sented now in Fig. 5. In all cases pK which are directly
represented in the insets of Fig. 5 increases with the degree
of ionization and large changes are observed with increasing
the intensity of the hydrophobic interactions and/or ionic
concentrations. Hydrophobic interactions make the chains
more difficult to deprotonate. This effect is more pronounced
at low ionic concentration. In each figure, the ionic concen-
tration is fixed and the influence of hydrophobicity is inves-
tigated. When vdW=0kBT, the typical titration curve of a
weak polyelectrolyte is obtained and can be used as a refer-
ence to quantify the influence of the hydrophobic interac-
tions and hence show the presence of cascade transition dur-
ing the titration process. For example, when Ci=0M and
vdW=3kBT by decreasing the pH-pK0 between 7 and 5, an
important of the chain ionization degree is observed as well
as an important deviation from the reference curve vdW
=0kBT. Decreasing further the pH-pK0 value, the degree of
ionization is then similar to the case where vdW=5kBT. Such
a deviation from the master curve at vdW=0kBT is also ob-
served at 1kBT, and at the different ionic concentration pre-
sented in Figs. 5b–5d. Such transitions within a small
pH-pK0 range denote important conformational changes
from pearl-necklace, cylinder, and globular conformations
during titration procedure.
It is also clearly demonstrated that for a given ionization
degree and hydrophobic interaction pK increases with the
decrease of Ci and increase of vdW.
D. Chain length dependence
To investigate chain length dependence and/or finite size
effects on the conformational transitions and titration curves,
MC simulations were performed by adjusting the chain
monomer number to N=40, 80, 120, 200, and 300, respec-
tively. The ionic concentration was fixed at Ci=10−3M, hy-
drophobic interactions vdW to 5kBT, and the results pre-
sented in Fig. 6. The solution chemistry at Ci=10−3M was
chosen to mimic “good” conditions for the formation of
pearl-necklaces, cigars, and collapsed conformations. As
shown in Fig. 6, the chain length is playing a nontrivial role
in the titration and a crossover region is observed. Indeed
when pH-pK08 and for a given value of pH-pK0, large
chains exhibit a higher degree of ionization, whereas when
pH-pK05 large chains exhibit a smaller degree of ioniza-
tion. The crossover from one situation to another is observed
when 8pH-pK05. In fact the relative importance of the
hydrophobic and electrostatic interactions must be consid-
ered both with regards to the length of the chains and differ-
ence in dimensionality. By increasing the size of the chains,
as the intensity of the electrostatic repulsions are more im-
portant, the influence of hydrophobic interactions which
produces more compact structures is less. As a result, when
pH-pK08, the ionization degree is more important for the
large chains. On the other hand when the influence of the
electrostatic is less by decreasing pH-pK0, the influence of
the hydrophobic interactions on the chain dimension is more
pronounced with the large chains. In addition the chains are
globular, forming a three-dimensional object where the total
electrostatic interactions increase more linearly with chain
size. Hence for a given pH-pK05,  is smaller for the large
chains. It should be noted that an asymptotic limit is obtained
at N=300 and that size effects are less pronounced by in-
creasing the ionic concentration and/or decreasing vdW.
Analyzing now the variation of  versus pH-pK0, it becomes
evident that the transition in the low salt concentration re-
gime becomes more sharp on increasing the size of the chain.
Our results are then in line with the findings of Uyaver and
Seidel47 and first transition order picture.
IV. CONCLUSIONS
Monte Carlo simulations have been used to explore the
conformational changes and titration curves of weak poly-
electrolytes by focusing on the roles of the ionic concentra-
tions, pH-pK0 values, hydrophobic interactions, and chain
length. Depending on these parameters, hydrophobic poly-
electrolytes can adopt various and complex conformations
such as extended, pearl-necklace, cigar-shape, self-avoiding
walk, and globular conformations.
Our simulations point out the importance of two compet-
FIG. 4. Titration curves at N=80, vdW=1kBT, and Ci=10−3M. The degree
of ionization of the chain  is calculated as a function of the pH-pK0 value
imposed during the simulations. Two titration curves are presented: one is
obtained from a fully charged chain =1 to the uncharged chain =0 by
decreasing the pH-pK0, and the second is achieved starting from a neutral
chain. Curves A and B are frozen conformations and constitute the higher
and lower limits for a given ionic concentration.
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ing effects in particular when the ionic concentration de-
creases: one the one hand, the electrostatic repulsion between
the monomers, which expand the chain; on the other hand,
the hydrophobic interactions that collapse it. The relative im-
portance of these two competing effects can be controlled
through the solution property by adjusting the pH or
pH-pK0 value or the ionic concentration.
Full phase diagrams have been achieved at different
ionic concentrations by adjusting the pH-pK0 value and the
intensity of the hydrophobic interactions. For each simula-
tion, the degree of ionization has been calculated. Clearly for
a given Ci and pH-pK0 value, the presence of hydrophobic
interaction promotes the formation of more dense conforma-
tions and as a result polyelectrolyte protonation i.e., the de-
crease of the degree of ionization. It should also be noted
that when pearl-necklace conformations are present, and
when pH-pK0 is decreased, charges are preferentially
switched off inside the terminal beads first. The energy de-
crease is expected to be more important when the charged
monomer is in contact with a maximum number of mono-
mers, i.e, inside a bead. It should also be noted that the
cylinder structure does not survive low and high values of .
The analysis of the mean-square radius of gyration varia-
tions, versus pH-pK0 and versus , demonstrates that large
changes in the polyelectrolyte dimensions are expected dur-
ing the titration process. Cascades of conformational changes
produce large changes in the ionization degree within a small
range of pH-pK0 values. These transitions from one to an-
other regime were systematically investigated for several
ionic concentration and hydrophobic interaction values. Im-
portant transitions related to cascade of conformational
changes were observed at low ionic concentration and with
the presence of strong hydrophobic interactions, i.e., in the
existence domain of pearl-necklace and cigar-shape confor-
mations. Finally, it was shown that the relative importance of
the attractive hydrophobic interactions versus the repulsive
electrostatic interactions was related to the chain length and
pH-pK0 value.
The simulations reported here are a preliminary step to-
ward a more precise modeling of the hydrophobic polyelec-
trolyte. An implicit solvent model involving a dielectric con-
stant of water is used here and could overestimate the
importance of the pearl-necklace structure throughout.
Model extension with regards to the use of explicit ions,
careful distinction between the dielectric constant of the
pearls and solvent will be investigated in the future. In this
FIG. 5. Titration curves of MC simulations at N=80 with hydrophobic
interactions successively equal to 0kBT, 1kBT, 3kBT, or 5kBT and ionic con-
centrations set to a 0M, b 0.001M, c 0.01M, and d 0.1M. pK
increases with the degree of ionization . For a given , pK increases with
the intensity of the hydrophobic interactions. In the inset of each figure,
pK is calculated as a function of .
FIG. 6. Titration curves at various chain lengths successively adjusted to
N=40, 80, 120, 200, and 300. The ionic concentration Ci is equal to 10−3M
and hydrophobic interaction vdW to 5kBT.
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context, the role of charge distribution and the size of the
existence domain of stable cigar and pearl-necklace struc-
tures during titration still remains a debated question.59,60
Nonetheless, we hope the displayed titration curves will be
particularly useful in the interpretation of experimental data.
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Chapter V 
Polyelectrolyte/Nanoparticle 
Complex Formation  
 
 
 
 
 
  
In Chapter IV, we have shown that electrostatic interactions between charges along 
polyelectrolytes lead to their rich behavior in solutions qualitatively different from those of 
neutral polymers. Synthetic polyelectrolytes act as model systems for the understanding of the 
often far more complex behavior of the natural molecules.  
Mixtures of particles and polyelectrolytes are relevant to many physiological and to a large 
number of (industrial) applications. Polyelectrolytes strongly affect surface properties and 
interactions. Research on polyelectrolytes in recent years has provided important insights in 
surface, interface science as well as materials engineering.  
Experimentally, a series of studies from Dubin et al. illustrated the binding of polyelectrolytes 
to oppositely charged micelles (Dubin et al., 1999; Feng et al., 2001; Kayitmazer et al., 
2003), dendrimers (Miura et al., 1999; Zhang et al., 1999) and globular proteins (Farinato et 
al., 1999; Cooper et al., 2005). Critical conditions for the binding of polyelectrolyte to small 
oppositely charged micelles were also investigated by McQuigg et al. (1992). The 
adsorption/desorption limit were investigated quantitatively and a critical surface charge 
density of micelles was found proportional to the inverse Debye screening length κ.  
In recent years, a great deal of knowledge of the multitude of possible polyelectrolyte 
conformations at the surface of macroions has been accumulated, which consequently has led 
to increasing interest in using such complexes in the design of nano and biomaterials. Berret 
et al. (2004, 2006) investigated the complexation between polyelectrolytes and ionic 
surfactant micelles, and inorganic oxide nanoparticles. They considered both linear and comb 
architectures, designed novel core-shell nanostructures and confirmed that their formation was 
electrostatic self-assembled. They also produced cerium nanoparticles irreversibly coated with 
poly(acrylic acid) chains by precipitation/redispersion process (Sehgal et al., 2005). The 
complexes were stable over a wide range of pH and concentration.  
Various models of the complex formation between polyelectrolyte chains and oppositely 
charged particles are reviewed in Paper V. This review focuses on key studies relating to the 
effects of various physico-chemical parameters on complex formation and areas for future 
research are identified. Typically, these parameters are 
 
− the contour length of the polyelectrolyte, i.e., the total number of monomers, 
− degree of ionization of the polyelectrolyte,  
− chain stiffness, 
− charge mobility, 
− nanoparticle surface charge density,  
− number of available nanoparticle, 
− nanoparticle sizes, 
− ionic concentration, 
− solution temperature, etc. 
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This chapter focuses on investigation relating to the formation and structure of 
polyelectrolytes and oppositely charged, spherical, nanoparticle complex, based on the 
principle of electrostatic complexation. Computer simulations allow treatments of 
polyelectrolyte adsorption on spherical nanoparticle surfaces over a large range of parameters 
and in some situations fill the gap between existing theories and experiments (Chodanowski 
and Stoll 2001a, 2001b, 2002). 
  
V.1. Flexible Polyelectrolyte/Nanoparticle Complexes 
V.1.1. Overcharging 
Complexation of a charged spherical nanoparticle by an oppositely charged polyelectrolyte 
can, in some conditions, induce charge inversion. This effect termed as overcharging has 
attracted significant attention and charge inversion have been predicted by a plethora of 
theoretical, simulation and experimental works (Wang et al., 1999; Martin-Molina et al., 
2004). Considering electrostatic interactions between a charged spherical nanoparticle and an 
highly oppositely charged polyelectrolyte, Mateescu et al. (1999) have shown by means of 
simulations that overcharging is increased with the diameter of the nanoparticules until a total 
collapse of the polyelectrolyte is achieved. Using the Poisson–Boltzmann equation, Park et al. 
(1999) have shown that overcharging is an entropic effect associated with the release of the 
counterions. Nonetheless, despite the fact that the numerical simulations of Mateescu et al. 
(1999) were performed without the presence of counterions or salt in the system, the authors 
found overcharging. The origin of the proposed mechanism was suggested enthalpic without 
involving the release of counterion.  
Theoretically, adsorbed monomers are the ones participating to the overcharging process and 
are either in contact with the surface of the particle or belong to one of the tightly packed 
multiple layers. With simulations, when a flexible and strong polyelectrolyte is considered, 
the number Nads is defined as  
 
 ads tailN N N= −  (V.1) 
 
Considering a chain with N = 100, the variation of Nads as a function of ionic concentration Ci 
and nanoparticle surface charge density σ is investigated in Figures V.1 and V.2. It should be 
noted that the description here of the overcharging issue is based on analytical concepts 
developed by Nguyen and Shklovskii (2001) (NS model) to investigate charge inversion. It is 
clearly illustrated in Figure V.1a) that the polyelectrolyte is fully absorbed when σ is large. At 
intermediate σ (i.e., when 20 ≤ σ ≤ 45 [mC/m2]), Nads reaches a maximum value at 
intermediate ionic concentration. Boroudjerdi et al. (2005) reviewed the problem of complex 
formation by explicitly presenting the adsorption behavior of polyelectrolytes on spheres. The 
relevance of salt, which modulates the electrostatic interactions between polyelectroytes and 
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surface, was discussed by considering parameters appropriate for DNA-histone complexes. 
The complex was found to be stable for intermediate salt concentrations. At low salt 
concentration, difficulties to charge the polyelectrolyte due to strong charged monomers 
repulsions were found detrimental to the full polyelectrolyte complexation at the surface of 
the sphere. For high salt screening, despite the fact that chain ionization is usually promoted, 
attraction forces between polyelectrolyte and surface are strongly reduced and thus, are now 
detrimental to the formation of compact complexes. 
 
 
a) b) 
Figure V.1. a) Variation of the number of adsorbed monomers, i.e., in trains and in loops, as 
a function of the ionic concentration Ci and surface charge density σ when N = 100. b) 
Variation of the excess of charge as a function of the ionic concentration Ci and surface 
charge density σ. Simulation parameters are presented in Table A.V.1 (see Appendix). 
 
Overcharging can be calculated by considering the difference of charges -Q-(Nads.q). The 
variation of -Q-(Nads.q) as a function of Ci and σ is presented in Figure V.1b). Overcharging is 
found to be maximum at intermediate values of ionic concentration and surface charge 
density.  
The variation of the number of collapsed monomers Nads as a function of N when Ci = 0.00 
[M] and σ = + 100 [mC/m2] is represented in Figure V.2. NS model predictions are also 
presented and found to be in  good agreement with our model .  
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Figure V.2. Number of adsorbed monomers as a function of N and Ci. See Table A.V.2  
(see Appendix). 
 
At this point, three regimes can be defined: i) when the complex is undercharged (N ≤ Q). 
Hence, N ≅  Nads, i.e., monomers are adsorbed on the nanoparticle surface to neutralize it and 
the polyelectrolyte chain is fully adsorbed on the charged nanoparticle; ii) By furthermore 
increasing the number of monomers N, accumulation of monomers close to the nanoparticle 
surface continues up to N* = 151. Then N  > Q and overcharging is observed; and iii) when N  
> N*, a small decrease in Nads with N is observed and then the variation of Nads as a function 
of N reaches a plateau value. This is in good agreement with the NS model predictions 
(Chodanowski and Stoll, 2001a) which postulate a first-order transition. In such conditions, 
the excess of monomers (charges) is accumulated in a protruding tail in solution.  
 
V.1.2. Strong Polyelectrolyte/Nanoparticle Complex Structures 
Von Goeler and Muthukumar (1994) theoretically predict polyelectrolyte adsorption on 
spherical and cylindrical surfaces. They provided an adsorption criterion and then derived the 
density distribution of adsorbed polyelectrolyte to determine the critical sphere radius below 
which adsorption does not occur. Adsorption criterion predicts that adsorption is favoured 
when:  i) the temperature, chain length, and ionic concentration decrease; and ii) the radius 
and surface charge density of the sphere increase.  
Considering a fixed chain length with N = 200, the conformation and the influence of surface 
charge density σ and ionic concentration Ci on the complexation of a strong polyelectrolyte 
(α = 1.00) onto a nanoparticle are investigated. The radius of the nanoparticle is here set to 
Rnp = 35.7 [Å]. Equilibrated conformations as a function of Ci and surface charge density σ  
are presented in Table V.1.  
In the low particle surface charge density regime, when σ = +10 [mC/m2], it can be clearly 
seen from Table V.1 that when Ci = 0.1 [M], no adsorption is achieved because of the strong 
reduction of attractive interactions. By decreasing the ionic concentration to 0.01 and 0.001 
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[M], the electrostatic attractive interactions between the polyelectrolyte monomers and the 
nanoparticle are stronger and complexation is achieved through a limited number of 
monomers.  
When σ  = + 50 [mC/m2], because of the increase of the attractive interactions with the 
polyelectrolyte, the adsorption domain is extended and typical conformations are observed. 
More compact conformations are achieved when Ci = 0.1 [M] as monomer/monomer 
repulsions are reduced.  
When lower ionic concentrations are considered (Ci = 0.01 and 0.001 [M]), complexes having 
large extended tails are observed. Increasing further the nanoparticle surface charge density to 
σ = + 100 [mC/m2], the polyelectrolyte conformation at the nanoparticle surface is found 
strongly dependent on the electrostatic repulsive interactions between the monomers: a large 
tail, a rosette and a collapsed conformation are achieved when Ci = 0.001, 0.01 or 0.1 [M] 
respectively.  
 
Table V.1. Equilibrated conformations of the polyelectrolyte/nanoparticle complex as a 
function of surface charge density σ. The total number of monomers is set to N = 200. 
Simulation parameters are presented in Table A.V.3 (see Appendix). a   
 
a  Monomer and nanoparticle sizes are constant. Their sizes appear different from one cell to 
another, due to the lack of available space.  
 
Monte Carlo simulations are now used to investigate the influence of the chain length in the 
presence of an oppositely charged nanoparticle with σ = + 50 [mC/m2]. The variations of the 
number of adsorbed Nads, monomers in trains, Ntrain, in loops, Nloop, and in tails, Ntail, as a 
function of N and Ci are presented in Figure V.3 to gain an insight into the structure of the 
interfacial region.   
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a) 
 
 
 
b) 
 
 
 
 
c) 
 
 
 
d) 
Figure V.3. Quantitative description of the interfacial region. Number of monomers in trains, 
in loops, adsorbed and in tails as a function of the number of monomers, N. Simulation 
parameters are summarized in Table A.V.4 (see Appendix). 
 
Overcharging is observed in Figure V.3a). When Ci ≤ 0.01 [M], the number of absorbed 
monomers increases, reaches a maximum value and then decreases with the increase of N in 
good agreement with Chapter V.1.1. When 0.01< Ci ≤ 0.1 [M], the maximum value is not 
reached in the investigated conditions.  
96
In a more detail level, when N ≤ 80 and Ci ≤ 0.01 [M], Ntrain and Nloop monotically increase 
with the increase of N, whereas Ntail is close to zero. N = 80 is found to be a critical value 
where any additional monomer is principally expelled in tails. The increase of the ionic 
concentration shifts this critical value to higher N values. In Figure V.4, equilibrated 
conformations are presented with different values of N with Ci = 0.001 [M]. 
 
 
      a)    b)    c)      d)                        e) 
Figure V.4. Equilibrated conformations of complex formed with a nanoparticle of σ = + 50 
[mC/m2] at Ci = 0.001 [M]. Different values of N are investigated: a) N = 20, b) N = 40, c) N 
= 80, d) N = 120 and e) N = 200. 
 
When the polyelectrolyte is adsorbed on the nanoparticle surface, its conformation is found  to 
be different from its conformation in solution . To give a quantitative description of the extent 
of the change, the variations of the ratio of the adsorbed to isolated chain mean-square radius 
of gyration as a function of ionic concentration are given in Figure V.5. Curves exhibit a non-
monotonic behavior with the chain length N.  
When N ≤ 80,  <Rg2>ads / <Rg2>isolated increases with the increase of the ionic concentration 
and decreases with the increase of N at a given Ci. The highest level of deformation is 
observed when N = 80 when Ci = 0.001 [M]. When N = 20, adsorbed chain can fully spread 
on the surface with dimensions close to their dimensions in a free solution. Nonetheless, when 
Ci ≥ 0.03 M, <Rg2>ads / <Rg2>isolated ≥ 1.00 meaning that the chain is less compact when 
complexed.   
 
 
Figure V.5. Variations of the ratio of the adsorbed to isolated chain mean-square radius of 
gyration <Rg2>ads / <Rg2>isolated as a function of ionic concentration for different chain length. 
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When 120 ≤ N ≤ 200, excluded electrostatic volume prevents any additional monomer 
adsorption on the surface via the formation of an extended tail in solution. Hence, the ratio 
<Rg2>ads / <Rg2>isolated as a function of ionic concentration has a minimum value at Ci = 0.01 
and Ci = 0.03 [M] when N = 120 and N = 200 respectively.  
To investigate the influence of nanoparticle size (curvature effects) on complex structure and 
structure layer, we carried out simulations with N = 120 and different nanoparticle radii Rnp. A 
constant surface charge density was fixed to σ  = +50 [mC/m2]. It should be noted here that 
with a constant σ, an increasing nanoparticle radius means a higher total charge and a stronger 
contact energy (despite the increased distance between the nanoparticle center and a monomer 
center on the surface).  
 
 
                 a)                 b)            c)     d)              e) 
Figure V.6. Influence of the nanoparticle size on the complex conformation with Ci = 0.001 
[M], σ = + 50 [mC/m2], a) Rnp = 7.14 [Å], b) Rnp = 17.85 [Å], c) Rnp = 35.7 [Å], d) Rnp = 
53.55 [Å] and e) Rnp = 89.25 [Å]. Simulation parameters are presented in Table A.V.5 (see 
Appendix).  
 
In Figure V.6a), a large tail is achieved because full monomer confinement at the nanoparticle 
is not possible since the accessible nanoparticle surface is too small. Thus, when Rnp = 7.14 
[Å], the polyelectrolyte is tangent to the nanoparticle. When the nanoparticle size increases to 
Rnp = 17.85 [Å], the polyelectrolyte slightly bents around the nanoparticle, the rest of the 
polyelectrolyte forming two extended tails in solution. The polyelectrolyte finite size forces 
the nanoparticle to adsorb the central part of the chain to promote the electrostatic affinity. On 
the other hand, the polyelectrolyte totally wraps around the nanoparticle when a sufficiently 
large sphere (Rnp ≥ 53.55 [Å]) is considered with the monomers preferentially found in trains. 
In good agreement with Muthukumar (1987), it is found that adsorption is favoured by 
increasing the radius of the spherical nanoparticle.  
According to Figure V.6, the adsorbed polyelectrolyte dimensions are expected to be very 
different from their dimension in the isolated conditions. To investigate such a change, the 
mean-square radius of gyration <Rg2> of the polyelectrolyte is calculated as a function of the 
nanoparticle radius and ionic concentrations in Figure V.7.  
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The non-monotonic behavior of <Rg2> demonstrates that the chain conformation at the 
nanoparticle surface results from the complex interplay of both Ci and nanoparticle size. 
When Rnp = 7.14 [Å], at any ionic concentration values, the polyelectrolyte conformation is 
poorly affected by the presence of a small nanoparticle. By increasing Rnp to a critical value 
Rnp*, the nanoparticle surface becomes large enough to force the polyelectrolyte to adopt 
collapsed conformations. The critical value Rnp* is equal here to 53.55 [Å]  when Ci = 0.1 
[M], but falls to Rnp* = 35.7 [Å] with the decrease of the ionic concentration and hence, the 
increase of electrostatic attractions. When Rnp > Rnp*, the conformation and size of the 
adsorbed polyelectrolyte is then dictated by the size of the nanoparticle.  Consequently, the 
nanoparticles radius Rnp = 35.7 [Å] was commonly chosen by default in this thesis works to 
optimize the effect of complexation on chain conformation.  
 
 
Figure V.7. Mean-square radius of gyration <Rg2> of the polyelectrolyte chain as a function 
of the radius of the nanoparticle Rnp. Mean-square radius of gyration of isolated 
polyelectrolyte is represented where Rnp = 0. 
 
V.1.3. Weak Flexible Polyelectrolyte/Nanoparticle Complex 
Formation 
The complex formation between an isolated weak polyelectrolyte and an oppositely charged 
nanoparticle is investigated in Paper II. The role of the nanoparticle surface charge density, 
solution pH and ionic concentration is investigated in details. It is clearly demonstrated that 
the oppositely charged nanoparticle can significantly modify the acid/base properties of a 
weak polyelectrolyte. 
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Abstract
Understanding the complexation processes between nanoparticles and polyelectrolytes is an essential aspect
in many branches of nanotechnology, nanoscience, chemistry, and biology to describe processes such as
nanoparticle stabilization/destabilization and dispersion, water treatment, microencapsulation, complexa-
tion with biomolecules for example, and evolution of the interface of many natural and synthetic systems.
In view of the complexity of such processes, applications are often based on empirical or semiempirical
observations rather than on predictions based on theoretical or analytical models. In this study, the
complex formation between an isolated weak polyelectrolyte and an oppositely charged nanoparticle is
investigated using Monte Carlo simulations with screened Coulomb potentials in the grand canonical
ensemble. The roles of the nanoparticle surface charge density r, solution pH and ionic concentration Ci are
systematically investigated. The phase diagrams of complex conformations are also presented. It is shown
that the polyelectrolyte conformation at the surface of the nanoparticle is controlled by the attractive
interactions with the nanoparticle but also by the repulsive interactions between the monomers. To bridge
the gap with experiments titration curves are calculated. We clearly demonstrate that an oppositely charged
nanoparticle can signiﬁcantly modify the acid/base properties of a weak polyelectrolyte.
Introduction
Polyelectrolyte chains in solutions with oppositely
charged nanoparticles are of great importance for
many industrial processes and nanotechnologies
such as water treatment as ﬂocculant/water insol-
uble mixtures, powder processing as dispersion
agents or food technology as rheology modiﬁers
(Oosawa, 1971; Napper, 1983; Ullner, 2002). In
addition, many biomolecules, such as DNA, are
also polyelectrolytes and complexation with pro-
teins, for example, are expected to play vital roles
in biological regulation processes (Schiessel, 2003).
Hence regarding practical and economical aspects
as well as potential theoretical interest of such
systems in soft condensed matter, nanoscience and
biology, a better understanding of the key factors
controlling the complexation between a nanopar-
ticle and a polyion (polyelectrolyte) is therefore,
important.
Usually for polyelectrolyte adsorption we have
to make distinction between strong and weak
polyelectrolytes. Adsorption of weak polyelectro-
lytes on surfaces with ﬁxed charges is a more
complicated process owing to the fact that the
linear charge density of the polyelectrolyte is
Journal of Nanoparticle Research (2004) 6:595–603  Springer 2005
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strongly inﬂuenced by the charge connectivity
along the chain, the pH solution, ionic concen-
tration and presence of an oppositely charged
surface which is expected to inﬂuence the degree of
dissociation of the weak polyelectrolyte.
Computer simulations allow treatments of
polyelectrolyte adsorption on ﬂat or curved sur-
faces over a large range of parameters and in some
situations ﬁll the gap between existing theories and
experiments. For example, the complexation be-
tween a linear ﬂexible polyelectrolyte and oppo-
sitely charged macroions has been extensively by
Jonsson and Linse (Jonsson & Linse, 2001a, b)
with focus on the eﬀects of linear surface charge
density, chain length and macroion charge. Stoll
and coworkers (Chodanowski & Stoll, 2001a, b;
Brynda et al., 2002; Laguecir et al., 2002; Laguecir
et al., 2003) investigated the adsorption of ﬂexible
and semi-ﬂexible chains on oppositely charged
sphere by considering curvature eﬀects and the
overcharging phenomena. However, most of the
computer simulations of polyelectrolyte adsorp-
tion have considered strong polyelectrolytes until
now. Although isolated titrating polyelectrolyte
have been intensively studied by computer simu-
lations (Ullner & Jonsson, 1996a, b), to our
knowledge, no study at yet, dealt with weak
polyelectrolytes in presence of oppositely charged
nanoparticles. In this study, we consider the
complex formation between an isolated polyelec-
trolyte and one oppositely charged nanoparticle at
diﬀerent pH and ionic concentration values, and
the eﬀects of polyelectrolyte adsorption on the
titration curves. Adsorption is expected to be
promoted by the electroattractive forces between
the nanoparticle and the oppositely charged
polyelectrolyte monomers.
Model and Monte-Carlo simulations
The polyelectrolyte chains are represented as three
dimensional and oﬀ-lattice freely jointed hard
spheres to take into account the excluded volume
eﬀect. To avoid the domain of the Manning
counterion condensation (Manning, 1969), each
sphere is considered to be a physical monomer of
radius Rm = lB/2 = 3.57 A˚ where lB represents the
Bjerrum length at 298 K. Each monomer can be
neutral (protonated) or carry one negative charge
unit of elementary charge (deprotonated) on its
center and the number of monomers N in the
polyelectrolyte chain is equal to 200. The poly-
electrolyte degree of ionization a is initially set to 1
and is expected to move to zero by decreasing the
pH. In a previous work (Chodanowski & Stoll,
2001a, b), we demonstrated that the adsorption of
a fully charged polyelectrolyte is controlled by the
nanoparticle diameter so that: (i) small nanopar-
ticles limit the number of adsorbed monomers and
(ii) large nanoparticles allow the polyelectrolyte to
spread on the surface. According to this work, the
nanoparticle diameter was ﬁxed to 71.4 A˚ (with
N=200) so as to investigate the nanoparticle cur-
vature eﬀect and its inﬂuence on the complex
formation. The nanoparticle is represented as a
positively charged sphere with a constant surface
charge density and a radius Rp = 10Rm = 35.7 A˚.
The total energy Etot of the system is the sum of
hard-sphere repulsions Eev and electrostatic inter-
actions Eel which are considered as the driving
forces for adsorption. Considering monomer–
monomer and monomer–particle interactions, all
pairs of charged spheres ij interact with each other
via a screened and extended version of the Debye–
Hu¨ckel potential :
uelðrijÞ ¼ zizje
2
4pere0rij
exp½jðrij  ðRi þ RjÞÞ
ð1þ jRiÞð1þ jRjÞ ; ð1Þ
where e is the elementary charge (e= 1.610)19 C),
R is the radius of the sphere (monomer or nano-
particle) and z is the amount of charge. The sol-
vent is treated as a dielectric medium with a
relative dielectric permittivity constant er taken as
that of water at 298 K, i.e., 78.5 and e0 is the
permittivity of the vacuum (e0 = 8.85410)12
C V)1 m)1). The potential uelðrijÞ is therefore,
expressed in CV or J. The inﬂuence of the ionic
concentration Ci is described through the Debye
screening length j)1.
Monte Carlo simulations are performed
according to the Metropolis algorithm (Metropolis
et al., 1953) in the grand canonical ensemble. In
this method succesive ‘‘trial’’ are generated to
obtain sampling of low-energy conformations.
These movements include ‘‘internal’’ (end-bond
and kink-jump) and pivot movements (Figure 1).
If the change in energy DEtot resulting from the
move is negative, the move is selected. If DEtot is
positive, the Boltzmann factor p
596
104
p ¼ exp DEtot
kBT
 
; ð2Þ
is computed and a random number z with
0 < z < 1 is generated. If z < p, the move is se-
lected. When z ‡ p, the trial conﬁguration is re-
jected and the previous conﬁguration is retained
and considered as a ‘‘new’’ state in calculating
ensemble. The diﬀerence between the acid/base
properties of the polymeric acid and the corre-
sponding acidity of the isolated monomer, DpK, is
deﬁned as (Po & Senozan, 2001; Ullner, 2002)
DpK ¼ pK  pK0 ¼ pH pK0  log a
1 a ; ð3Þ
where pK0 is the intrinsic pKa of an isolated
monomer and pK is the apparent equilibrium
constant. The diﬀerence between the apparent and
intrinsic pKa is related to the excess of free energy
due to the interactions between titrating sites. To
induce deprotonation/protonation, after a given
number of Monte Carlo steps, some monomers are
chosen at random and their charge state is swit-
ched to )1 or 0 respectively. The chain equilibra-
tion is performed and monomer charges modiﬁed
again. In that way, a good balance between
monomer movements, chain equilibration and the
protonation/deprotonation procedure is achieved.
The energy that one has to pay to have one addi-
tional charge to a given polyelectrolyte is mea-
sured by the chemical potential, which is related to
the pH via (Reed and Reed, 1992)
l ¼ kBT ln10ðpH pK0Þ: ð4Þ
Each acid/base reaction of a monomer is ac-
cepted or not by considering the Metropolis
Monte Carlo selection criterion with an energy
change deﬁned by
DE ¼ DEtot  kBT ln10ðpH pK0Þ: ð5Þ
The plus sign is used in equation (5) when the
monomer is protonated and when the monomer is
deprotonated, the minus sign is required. In our
simulation, the pH)pK0 value is the input
parameter and decreases of 0.75 unit after each
9105 simulation steps.
Nanoparticle/polyelectrolyte complex description
Simulations were carried out at diﬀerent ionic
concentration Ci (0.1, 0.01, and 0.001 M) and with
adjusting the pH)pK0 values. Three values of
constant surface charge density were consid-
ered (r = +10, +50, and +100 mC m)2). The
corresponding structures of the complexes are
presented in Tables 1–3. In the low particle surface
charge density regime, when r = +10 mC m)2, it
can be clearly seen fromTable 1 that when the ionic
concentration is equal to 0.1 M no adsorption is
achieved. By decreasing the ionic concentration to
0.01 M, the electrostatic attractive interactions be-
tween the polyelectrolyte monomers and the par-
ticle are stronger (screening eﬀects are less) and a
complex is achieved when pH)pK0 ‡ 2.5 (a ‡ 0.86).
When Ci=0.001 M adsorption is now observed
when pH)pK0 ‡ 0.25 (a ‡ 0.22). It should be noted
that only a few monomers are adsorbed and the
chain is randomly adsorbed and desorbed from the
nanoparticle (but the latter remains in the vicinity
of the polyelectrolyte). By further more decreasing
the pH)pK0 value, no adsorption is observed.
When r = 50 mC m)2 (Table 2) because of the
increase of the attractive interaction with the
polyelectrolyte via the increase of the surface
charge density of the nanoparticle, the complex
formation and adsorption domain is more impor-
tant and typical conformations are observed. More
compact conformations are achieved when
Ci = 0.1 M as monomer–monomer repulsions are
reduced. When lowest ionic concentrations are
considered (Ci = 0.01 and 0.001 M), complexes
with a large tail are observed for high pH)pK0
Figure 1. Monte Carlo movements and ionization proce-
dure used to generate low energy conformations of a weak
polyelectrolyte chain. The probability to pass from one
conformation to another one is given by a Boltzmann factor
(see text).
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Table 1. Equilibrated conformations of complex formation between a weak polyelectrolyte
(N = 200 monomers) and a nanoparticle having a surface charge density r = 10 mC m)2 versus pH–
pK0 and for various ionic concentrations Ci
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Table 2. Equilibrated conformations of complex formation between a weak polyelectrolyte and a
nanoparticle having a surface charge density r = 50 mC m)2 versus pH-pK0 and for various ionic
concentrations Ci
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Table 3. Equilibrated conformations of complex formation between a weak polyelectrolyte and a particle
having a surface charge density r = 100 mC m)2 versus pH–pK0 and for various ionic concentrations Ci
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values. By decreasing the pH)pK0 value, the tail
collapses on the particle. Increasing further the
particle surface charge density to r= 100 mC m)2
(Table 3), collapsed structures are achieved in al-
most all conditions excepted whenCi = 0.1 M and
pH)pK0 < )0.5 (a < 0.24) and when tails are
achieved (low Ci and high pH)pK0 values). The
polyelectrolyte conformation at the nanoparticle
surface is also strongly dependent of the electro-
static repulsive interactions between themonomers.
As illustrated inTable 3 at pH)pK0=4, a large tail,
a rosette and a collapsed conformation are achieved
when Ci= 0.001, 0.01 or 0.1 M respectively.
Titration curves
To bridge the gap between simulations and
experiments and investigate the acid/base proper-
ties of the weak isolated or not polyelectrolyte,
titration curves are presented in Figure 2. They are
deﬁned as the variation of pH)pK0 as a function
of the degree of ionization a. Experimentally, It
should be noted here that all the titration curves
are fully reversible and no hysteresis is observed.
As expected, in all cases the degree of ionization
decreases with decreasing pH)pK0. Titration
curves for the isolated monomer and chain are ﬁrst
presented in Figure 2a. The diﬀerence between the
acid/base properties of the polyion and the corre-
sponding isolated monomer, i.e. DpK, increases
continuously with the degree of ionization and
with the decrease of Ci. The chain ionization ran-
ges from the fully charged chain (a = 1) to the
neutral or uncharged chain (a = 0). For a given
pH)pK0 value, the degree of ionization increases
with the increase of the ionic concentration be-
cause of the eﬀect of charge screening. By adding a
nanoparticle with a surface charge density equal to
r = 10 mC m)2, the behaviour of the titration
Figure 2. Titration curves with N ¼ 200 and three diﬀerent ionic concentrations Ci (0.1, 0.01, and 0.001 M) for (a) an isolated
chain and, in presence of a nanoparticle having a surface charge density equal to (b) r ¼ 10 (c) r ¼ 50 and (d)
r ¼ 100 mC m)2. In (c and d), the acid/base properties of the polyelectrolyte are largely modiﬁed and negative pH–pK0 values
are observed. For a given pH–pK0 value, the presence of an oppositely charged nanoparticle makes the polyelectrolyte chain
easier to deprotonate.
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curves do not appreciably diﬀers from the titration
of the isolated chain, i.e, the presence of a weakly
oppositely charged nanoparticle does not change
signiﬁcantly the acid/base properties of the chain.
However, by increasing further the particle surface
charge density to 50 and 100 mC m)2 successively,
the acid/base properties of the weak polyelectro-
lyte are now largely modiﬁed. Indeed by decreas-
ing the pH)pK0 value, DpK rapidly decreases,
reaches a value equal to zero (hence at this point
the behaviour of monomers are similar to the
isolated monomers), then DpK becomes negative.
It is clearly demonstrated here that the presence
of an oppositely charged nanoparticle largely
modiﬁes the acid/base properties of the weak
polyelectrolyte by making chain ionization easier
(or giving a more acidic character to the weak
polyacid). Such a change in the acid/base proper-
ties of the polyion is hence promoted by: (i) the
complex formation (ii) the increase of the surface
charge density of the nanoparticle and (iii) the
decrease of the ionic concentration.
Variation of the total energy as a function of the
Monte Carlo steps
The evolution of the total energy Etot during the
simulation runs is presented in Figure 3 as a
function of the Monte Carlo steps (and conse-
quently the pH)pK0 value). For the isolated weak
polyelectrolyte, the total energy is always positive
Figure 3. Total energy as a function of the Monte Carlo steps and imposed pH–pK0 values when (a) Ci ¼ 0.1 M and
r ¼ 50 mC m)2, (b) Ci ¼ 0.1 M and r ¼ 100 mC m)2, (c) Ci ¼ 0.01 M and r ¼ 50 mC m)2 and (d) Ci ¼ 0.001 M and
r ¼ 100 mC m)2.
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because only electrostatic repulsions between
monomers are to consider. Clearly and as ex-
pected, the total energy is decreasing with
decreasing pH)pK0 (or a). The presence of an
oppositely charged nanoparticle reduces the total
energy of the system because of the attractive
interactions between the monomers and the par-
ticle. When Ci=0.1 M and r = 50 mC m
)2 (Fig-
ure 3a), the diﬀerence in total energy between the
isolated chain and the complex is constant as long
as pH)pK0 ‡ 1.75. By decreasing the pH)pK0
value, this diﬀerence decreases to zero because of
the desorption of the chain from the nanoparticle.
When r = 100 mC m)2 (Figure 3b), the total
energy has now negative values. The total energy is
negative as long as pH)pK0 ‡ 0.25 (complex for-
mation domain), then the chain is desorbed and
the total energy increases to reach zero. In all
cases, the observed decrease of the total energy
(compared to the isolated case), and complex sta-
bility results from the monomer/nanoparticle
electrostatic attraction which are expected to in-
crease when: (i) particle surface charge density is
increased (Figure 3b, d) and when (ii) ionic con-
centration is decreased (Figure 3c, d). According
to the phase diagrams we investigated, monomer/
nanoparticle electrostatic attractions are maxi-
mum when Ci = 0.001 M and r = 100 mC m
)2
and as a result, a complex is formed in the full
domain of pH)pK0 values.
Summary
Monte Carlo simulations have been used to
explore the complex formation between a nano-
particle and a weak polyelectrolyte. The roles of
the ionic concentration, pH of the solution and
nanoparticle surface charge density were system-
atically investigated and the adsoprtion/desorption
limits well deﬁned in all cases. Our simulations
point out the importance of two competing eﬀects:
the attractive interaction between the charged
polyelectrolyte monomers and the nanoparticle,
and the increase of the electrostatic repulsion
along the polyelectrolyte chain with the pH which
limits the degree of ionization and polyelectrolyte
conformation. Finally, the analysis of the titration
curves cleary demonstrates that the presence of an
oppositely charged nanoparticle can greatly aﬀect
the acid/base properties of a polyelectrolyte.
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 V.2. Semi-Flexible Polyelectrolyte/Nanoparticle 
Complexes 
V.2.1. Strong Semi-Flexible Polyelectrolytes 
Wallin and Linse (1996) were the first by simulations to mention that polyelectrolyte 
adsorption decreases with the stiffness of the chain. Stoll and Chodanowski (2002) showed 
that, by increasing the chain stiffness, solenoid conformations could be obtained. They also 
investigated the effect of added salt on the formation of complexes between a flexible, semi-
flexible, and rigid polyelectrolyte and an oppositely charged spherical nanoparticle and the 
position of the adsorption/desorption transition. 
 
 
Table V.2. Monte Carlo equilibrated conformations of semi-flexible 
polyelectrolyte/nanoparticle complexes as a function of Ci and kang. Simulation parameters 
are presented in Table A.V.6 (see Appendix). 
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 Theoretically, Netz  and Joanny (1999) provided a full complexation phase diagram for a stiff 
polyelectrolyte in the presence of an oppositely charged sphere. The adsorption/desorption 
limit was also calculated, and it was also revealed that the increase of chain stiffness promotes 
chain desorption.  
The influence of ionic concentration on the complexation of a relatively large semi-flexible 
polyelectrolyte onto a nanoparticle is here investigated. Equilibrated configurations as a 
function of Ci and kang are presented in Table V.2. A range of macromolecular structures such 
as tennis ball, solenoid, rosette and tangent are obtained.  
Analytically, Schiessel (2003a, 2003b) provided scaling theories for the charged rosettes 
formation for the limits of high and low ionic concentrations and presented a full phase 
diagram as a function of the polyelectrolyte contour length. Rosette structures were found 
quite robust against changes in the ionic strength.  
To gain an insight into the conformational changes due to adsorption, we calculated the mean-
square radius of gyration <Rg2> as a function of Ci and different values of kang (Figure V.8). It 
is shown that the polyelectrolyte rigidity parameter kang was found to largely modify the 
polyelectrolyte dimensions at the nanoparticle surface.  
 
 
Figure V.8. Variation of the mean-square radius of gyration <Rg2> as a function of ionic 
concentration Ci for different values of kang.  
 
When Ci = 0.001 [M] and kang = 0.001 [kBT/deg2], the polyelectrolyte wraps around the 
nanoparticle. By increasing the intrinsic stiffness, solenoid with a loop appears but it 
disappears by further more increasing the kang values: A solenoid conformation as those 
predicted by the analytical model of Nguyen and Shkloskii (2001) is observed when kang = 
0.02 [kBT/deg2].  Due to the high intrinsic stiffness when kang = 0.04 [kBT/deg2], the 
polyelectrolyte becomes tangent to the nanoparticle due to large bending rigidity potential. 
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 V.2.2. Titration of Weak Polyelectrolyte/Nanoparticle Complex. 
Stiffness Influences 
The formation of complexes between a semi-flexible weak polyelectrolyte and a nanoparticle 
is investigated in Paper III. The paper points out the importance of several competing effects 
as chain stiffness which promotes polyelectrolyte expansion and ionization but penalizes 
polyelectrolyte adsorption at the nanoparticle surface. The influence of semi-flexible 
polyelectrolyte chain length and influence of the nanoparticle size are also investigated in 
Paper III. Chain length influences are found to be in good agreement with theoretical work 
done by Schiessel (2003a, 2003b).   
Experimentally, the binding affinity of anionic polyelectrolytes for a protein (bovine serum 
albumin) or for an oppositely charged micelles was found to be strongly influenced by chain 
flexibility, charge mobility, and surface charge density in Paper IV. This paper is included in 
this thesis to illustrate that our model can effectively help the experimentalists to interpret 
their experimental findings.  
Various models of the complex formation between polyelectrolyte chains and oppositely 
charged nanoparticles also denoted macroions are reviewed in Paper V.  
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ABSTRACT: The complex formation between a weak polyelectrolyte chain and an oppositely charged
nanoparticle is investigated using Monte Carlo simulations. Global structural parameters such as the
polyelectrolyte length, nanoparticle size, solution pH, and ionic concentration as well as local features,
such as the nanoparticle surface charge density and polyelectrolyte intrinsic stiffness influences, are
systematically investigated. Phase states of the polyelectrolyte/nanoparticle complexes are presented,
and to bridge the gap with experiments, titration curves are calculated. It is shown that the presence of
one oppositely charged nanoparticle significantly modifies the acid/base properties of the weak polyelec-
trolyte as well as the charge distribution along the polymer backbone and that the solution pH and ionic
concentration largely control the polyelectrolyte conformation at the nanoparticle surface. Chain stiffness
promotes the polyelectrolyte expansion as well as ionization but penalizes the polyelectrolyte adsorption
at the nanoparticle surface, hence affecting its acid/base behavior.
Introduction
Polyelectrolytes (PEs) are defined as polymer chains
composed of monomer units having ionizable groups.
Their most prominent features are a high solubility, in
most cases in water or polar solvent, and strong ad-
sorbing capacity at oppositely charged surfaces. Non-
ionic polymers can be successfully modeled; nonetheless,
PEs require a more sophisticated approach including
the possibility of titrating groups. Because of their
strength and long-range nature, electrostatic interac-
tions are also critically important in understanding
behavior of PEs. On the other hand, we have to make
the distinction between strong and weak PEs: strong
charged polymers have strong acid or basic groups such
as poly(vinylpyridine) (PVP), so that total charge is
independent of pH over a wide range whereas weak PEs
have weak acid or basic groups such as poly(acrylic acid)
(PA). In that case, PEs solution behavior is directly
controlled by the pH and ionic strength of the solution.
The adsorption of PEs on colloidal material has been
investigated by a range of experimental methods,1-8
theoretical models,9-18 and computer simulations.19-32
PEs and charged nanoparticle (NP) mixtures are im-
portant to understand phenomena such as the floccula-
tion of colloidal particles in water treatment33,34 and
complex formation involving DNA which is expected to
find important applications in gene therapy and genetic
regulation.35-37 The final structure formed by the
adsorption of positively charged histone proteins on a
single negatively charged DNA is called chromatin; the
DNA is wrapped around the histone core and preserves
its helical structure.38 The formation of multilayer PEs
films and micro- and nanosized capsules by successive
layer-by-layer deposition of anionic and cationic PEs at
surfaces has received great interest in the past 10
years.39-42 The interaction between PEs and oppositely
charged micelles has also received substantial attention
at the experimental level. Dubin and co-workers1-7
largely contributed to this field by suggesting the
importance of a critical surface charge density of mi-
celles which was found proportional to the inverse
Debye screening length at the adsorption/desorption
limit.
Polyelectrolyte/nanoparticle (PE/NP) complex forma-
tion has been studied theoretically by various authors
who have identified, using more or less detailed models,
several important issues. Muthukumar11 theoretically
predicted the behavior of charged polymers adsorbed on
spherical surfaces and concluded that adsorption is
favored by increasing the radius and surface charge
density of the sphere and decreasing the chain length
and ionic concentration. Then Muthukumar and co-
workers12,13 checked numerically the analytical predic-
tions and the adsorption/desorption limits obtained by
analytical theory, and simulations were found to be in
good agreement considering particle radius and salt
concentration effects. Marky and Manning15 theoreti-
cally studied the DNA dissociation from the nucleosome
and concluded that there exists a “wrapping transition”,
i.e., a transition between a conformation where the PE
wraps around a sphere and a slightly bent conformation
of the PE close to the sphere.
Linse and co-workers27-31 reported a comprehensive
set of simulations of PEs interacting with oppositely
charged spheres providing an useful depiction of the
local arrangement of PE segments in the bound state.
Stoll and co-workers21-26 investigated by Monte Carlo
simulations the conformational changes and behavior
of a charged polymer in the presence of an oppositely
charged nanoparticle by focusing on the roles of the ionic
concentration, particle size, and chain length. These
Monte Carlo simulations were recently used to study
the interactions between a charged micelle and a flexible
chain.26 The ionic strength and adsorption/desorption
limits were estimated at different micelle charge densi-
ties and compared to data for the experimental system
of sulfonated poly(vinyl alcohol) and micelles of dim-
* To whom correspondence should be addressed. E-mail:
serge.stoll@cabe.unige.ch.
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ethyldodecylamine oxide of varying degrees of protona-
tion. The evolution of the adsorption/desorption limits
found by simulations with respect to the charge density
of the micelle and the salt concentration were in good
agreement with the experimental data of Dubin and co-
workers. Messina and co-workers43 proposed a review
of the complexation behavior of PE adsorbed onto
charged substrates. They summarized the results ob-
tained on the complex formation between charged
polymers adsorbed onto one or several oppositely charged
spherical colloids and compared them with theoretical
predictions and investigate the case of PE multilayer
structures.
An essential ingredient in complex formation is the
chain stiffness which includes both chain stiffening due
to electrostatic monomer/monomer repulsions and flex-
ibility of the underlying chain backbone which is
controlled by the PE local chemical structure. The
influence of chain stiffness on the interaction of PEs
with oppositely charged micelles and proteins was
experimentally investigated by Dubin and co-workers,7
and it was demonstrated that the increase of polymer
stiffness promotes chain desorption on an oppositely
charged sphere. Netz and Joanny17 theoretically studied
the interaction of a semiflexible PE with an oppositely
charged sphere and provided a full complexation phase
diagram for a stiff charged polymer in the presence of
an oppositely charged sphere. Recently, Schiessel18
provided scaling theories for the complexation between
a charged polymer and an oppositely charged sphere for
two limits of high and low ionic concentrations. He
presented a phase diagram as a function of the total
polymer length and its persistence length. Using a
simple model with explicit counterions in a salt-free
environment, Wallin and Linse27 investigated numeri-
cally the effect of chain flexibility. Then using a Debye-
Hu¨ckel approximation in Monte Carlo simulations, Stoll
and Chodanowski23 investigated the effect of added salt
on the formation of complexes between a flexible,
semiflexible, and rigid PE and an oppositely charged
spherical particle and the adsorption/desorption transi-
tion. Akinchina and Linse31 investigated the effect of
chain stiffness in addition to chain length and particle
size. Considering two different contour lengths and two
different sphere radii, a range of macromolecular struc-
tures such as tennis ball, solenoid, and multiloop or
rosette were obtained, and it was concluded that the
amount of adsorbed monomers is increased by decreas-
ing the chain stiffness when relatively small (compared
to the mean size of the charged polymer) spherical
oppositely charged colloids are considered. Kunze and
Netz44,45 also numerically investigated the case of com-
plexation of semiflexible PE and an oppositely charged
sphere. To answer the question of the agreement
between simulations and experimental predictions, their
parameters were adjusted to mimic the DNA/histone
complex, and their results were in line with the expected
trends.
Because of their strength and long-range nature, the
intrinsic electrical PE properties, such as the degree of
ionization vs the pH and ionic concentration, are criti-
cally important in understanding their conformational
behavior in solution and complexation processes. Using
Monte Carlo simulations, Ullner and co-workers46-49
investigated different models for a linear titrating PE
both in a salt-free environment47 and with the presence
of salt48 and with explicit simple ions.49 Recently, we
investigated the conformation and titration curves of
weak hydrophobic PEs using Monte Carlo simulations.50
Important transitions related to cascades of conforma-
tional changes were observed in the titration curves,
mainly at low ionic concentration and with the presence
of strong hydrophobic interactions. We also demon-
strated that the presence of hydrophobic interactions
plays an important role in the acid/base properties of a
PE in promoting the formation of compact conforma-
tions.
Owing to the importance of chain flexibility, solution
pH, and also the salt effect on the formation of poly-
electrolyte/nanoparticle (PE/NP) complexes, in this pa-
per we present Monte Carlo simulations to investigate
the interactions of weak flexible and semiflexible PEs
with an oppositely charged spherical nanoparticle.
Because of their experimental importance in under-
standing the behavior of solution containing PEs since
the pKs of titrating groups depend on the local electro-
static environment and are sensitive to PE conforma-
tional changes and binding to nanoparticles, titration
curves are calculated and discussed.4
The influence of the ionic concentration on titration
curves of a flexible PE in the presence of a nanoparticle
were presented in a former paper.24 Here we will focus
on the influence of the nanoparticle size, PE length, PE
stiffness, and adsorbed amount of monomers investigat-
ing another unexplored multitude of cases.
The paper is organized as follows: first, the model and
Monte Carlo procedure are briefly presented according
to the fact that they have already been discussed
elsewhere to investigate the formation of complexes
between strong PEs and charged spherical colloids.23,24,50
Then the results are presented in two different sections.
In section A, we first consider the case of a flexible weak
polyacid in the presence of a nanoparticle, whereas in
section B, the case of the semiflexible polyacid is
considered. Each section is divided in two different
parts. In the first part, the case of the fully charged PE
(high pH value conditions) is considered, whereas in the
second part, the PE charges are decreased as a function
of the solution pH.
Model. Monte Carlo simulations were performed
according to the Metropolis algorithm in the grand
canonical ensemble. A coarse grain model is used to
generate off-lattice 3-dimensional PE chains containing
a variable number of jointed, solvent excluded, hard
spheres N. A sphere is considered to be a physical
monomer of radius Rm ) lB/2 ) 3.57 Å, where lB
represents the Bjerrum length at 298 K. Each monomer
can carry a negative charge on its center or can be
neutral. The charges on the polyacid are considered here
as in equilibrium with a bulk of fixed chemical potential.
Water is treated as a dielectric medium with a relative
permittivity r ) 78.5. The nanoparticle (NP) is repre-
sented as an impenetrable, solvent excluded, uniformly
charged sphere. The radius of the NP is noted Rp. The
positive NP charge is assumed to be concentrated into
a point located on its center. Hard-sphere repulsions
between monomers and a monomer and the NP are
described using hard-core interactions. The long-range
repulsive electrostatic potential along the distance rij
between charged units i and j is described via a screened
Debye-Hu¨ckel potential:51
uel(rij) )
zizje
2
4πr0rij
exp[-κ(rij - (Ri + Rj))]
(1 + κRi)(1 + κRj)
(1)
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The overall effect of free ions on monomer/monomer and
monomer/NP interactions are described via the depen-
dence of the inverse Debye screening length κ on the
electrolyte concentration. The stiffness of the chain is
controlled by freely rotating connections between rigid
segments connecting the spheres. The intrinsic chain
stiffness is adjusted by a square potential with variable
amplitude to vary its strength. The bending energy is
given by
where θi represents the angle formed by the vectors
consecutive monomers ri-1 - ri and ri+1 - ri and θ0 )
180°. kang defines the chain stiffness and is here
expressed in kBT/deg2 units.
To sample low-energy conformations, the monomer
positions are randomly modified by specific movements
such as pivot, end bond, and kink jump. After each
elementary random move, the change in energy ΔE is
considered, and the Metropolis52 selection criterion is
employed to either select or reject the movement. The
Monte Carlo simulations consist of an equilibration
period followed by a production period in which data
are saved every 5000 trials.
The PE is considered as adsorbed when at least one
monomer is in contact with the NP during more than
50% of the production period. Monomers are considered
in contact with the NP when the NP/monomer center-
to-center distance is less than Rp + 2Rm. An adsorbed
PE is considered as an assembly of trains, loops, and
tail: (i) a train is composed of contiguous monomers that
lie in the first layer, (ii) a loop lies between two trains
and extends away from the surface, and (iii) a tail rises
up into the solution and does not return to the NP
surface.
Because of their connectivity along the PE chain,
charged monomers strongly interact and their acid/base
properties are different from ideal systems. In the case
of a polyacid, the total amount of charge increases with
the increase of the pH solution, but the electrostatic
interactions oppose the deprotonation. One have to
consider an apparent dissociation constant K which is
related to the solution pH and the degree of ionization
R via the Henderson-Hasselbalch equation:
The difference in the acid/base properties of the PE
monomer and of the isolated monomer is expressed by
where pK0 is the negative logarithm of the dissociation
constant of a monomer in the total absence of electro-
static interactions. ΔpK largely depends on PE length,
complex formation, and PE degree of ionization as well
as on the ionic concentration of the solution because of
the influence of screening effects between charges. In
our model, after a given number of Monte Carlo steps
to equilibrate the PE conformation, a monomer is chosen
at random, and depending on the solution pH, its charge
state may be switched on or off, respectively. The energy
change, ΔE, that determines the probability for accept-
ing (according to the Metropolis Monte Carlo criteria)
the new charge state is the sum of the change in
electrostatic interaction ΔEc and a term that corre-
sponds to the change in free energy of the intrinsic
association reaction of a monomer46,53
When a monomer is deprotonated, the minus sign is
used in eq 5, and when the monomer is protonated, the
plus sign is required. In the grand canonical simulations
the chemical potential is fixed; hence, the difference pH
- pK0 is an input parameter, and after energy minimi-
zation the degree of ionization R is measured.
Results and Discussion
A. Flexible Polyelectrolytes. 1. Fully Charged
Flexible Polyelectrolytes. a. Effect of Ionic Con-
centration. We carried out simulations with a fully
charged flexible PE (R ) 1, kang ) 0 kBT/deg2) with N )
200 at different ionic concentrations Ci (10-3, 10-2, 3 ×
10-2, 5 × 10-2, 7 × 10-2, and 10-1 M) with the
nanoparticle. The radius Rp of the NP is fixed to 35.7
Å, and its surface charge density is successively adjusted
to σ ) +10, +25, +50, +75, and +100 mC/m2. In Figure
1 are presented monomer radial distributions of the PE
forming a complex with the NP. When Ci ) 0.001 M,
only a given fraction of monomers is adsorbed on the
NP owing to the strong and critical repulsions between
monomers at the NP surface. The PE results to a
characteristic conformation where it partially wraps
around the NP with a large protruding tail in solution.
When Ci ) 0.1 M, a large number of monomers are
confined in the vicinity of the NP; nonetheless, Ntrain is
Ebnd)∑
i)2
N
kang(θi - θ0)
2 (2)
pK ) pH - log( R1 - R) (3)
ΔpK ) pK - pK0 ) pH - pK0 - log( R1 - R) (4)
Figure 1. Monomer radial distribution function of a flexible
(kang ) 0 kBT/deg2) fully charged polymer (R ) 1 and N ) 200)
forming a complex with a nanoparticle (Rp ) 35.7 Å). Several
ionic concentration Ci are considered for a constant surface
charge density (σ ) +100 mC/m2). Maximum packing is
achieved at intermediate ionic concentration, Ci ) 0.07 M.
ΔE ) ΔEc ( kBT(pH - pK0) ln(10) (5)
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low and a large amount of monomers is present in loops.
In the “intermediate” ionic concentration regime, here
when Ci ) 0.07 M, a subtle balance between monomer/
monomer repulsion and monomer/NP attraction is
achieved. As a result, in good agreement with theoretical
prediction made by Netz and Joanny,17 a maximum
number of adsorbed monomers (or maximum packing)
is observed for an “intermediate” ionic concentration.
It should be noted that in these conditions overcharging
(NP charge inversion) is observed.
To get an insight into the influence of the ionic
concentration on the complex conformation, on a more
detailed level, the number of adsorbed monomers in
trains (Ntrain) as a function of the ionic concentration Ci
is given in Figure 2. The subtle balance between
monomer/monomer repulsion and monomer/NP attrac-
tion is clearly observed. Ntrain is increasing with the
surface charge density of the NP because of the increase
of the attractive electrostatic interactions between the
PE and the NP and the maximum value of Ntrain is
moved to lower ionic concentrations by decreasing the
surface charge density (given by the dashed line in
Figure 2).
b. Effect of Nanoparticle Size. To investigate the
influence of NP size (curvature effects) on complex
conformation and number of monomer in trains, we
carried out simulations with N ) 200, Ci ) 0.001 M,
different NP radii Rp from 15 to 105 Å, and a constant
surface charge density fixed to σ ) +100 mC/m2 (Figure
3). It should be noted here that with a constant σ an
increasing NP radius means a higher total charge and
a stronger contact energy (despite the increased distance
between the NP center and a monomer center at the
surface). When Rp ) 25 and 35.7 Å (respectively parts
b and c of Figure 3), a large tail is achieved because
full monomer confinement at the NP is not possible. By
decreasing the NP size to Rp ) 15 Å (Figure 3a), the
number of monomer in trains decreases whereas the tail
length increases. The accessible NP surface is too small,
and the PE only slightly bends around the NP forming
two extended tails in solution. On the other hand, the
PE totally wraps around the NP when sufficiently large
sphere (Rp g 45 Å) are considered with the monomers
preferentially in trains. In the inset of Figure 3, the
variation of the number of monomer in trains as a
function of the NP radius Rp is presented; as expected,
the number of monomer in trains is strongly related to
Rp and reaches a plateau value when Rp = 80 Å because
of the PE finite size. In good agreement with Muthu-
kumar,11 adsorption is favored by increasing the radius
and surface charge density of the sphere.
2. Titration of Flexible Polyelectrolytes. a. Iso-
lated Polyelectrolyte Titration Curve and Chain
Length Effect. The calculation of titration curves
which are defined as the variation of pH - pK0 as a
function of R has been proven to be a valuable approach
in the understanding of the acid/base properties of PEs.
Thus, considering first a free isolated PE and the
difference between the acid/base properties of the
polymeric acid and the corresponding isolated monomer,
i.e., ΔpK, we demonstrate that ΔpK increases continu-
ously with the PE degree of ionization (Figure 4a). We
also demonstrate that ΔpK decreases with an increase
of Ci for a given R as shown in ref 24. To investigate
chain length effects on the titration curves, the mono-
mer number N was adjusted from 20 to 200 and the
ionic concentration set to Ci ) 0.001 M. Ullner and co-
workers47 showed with the increase of R there is an
accumulation of charge toward the ends which disap-
pears when the degree of ionization tends to 1. As
illustrated in Figure 4a at a given pH- pK0, R decreases
when N increases. Hence, in the same conditions, small
chains exhibit a higher degree of ionization because of
end effects. By increasing the size of the chains, as the
intensity of the electrostatic repulsions is more impor-
tant, chains are more difficult to ionize. It should be
noted that an asymptotic limit is obtained at N ) 200
and that size effects were found less pronounced by
Figure 2. Number of monomers in trains, Ntrain, as a function
of the ionic concentration Ci at different surface charge density
values σ with Rp ) 35.7 Å. A flexible and fully charged PE is
considered (R ) 1 and N ) 200). The maximum value of Ntrain
is moved to lower ionic concentrations by decreasing the
nanoparticle (NP) surface charge density.
Figure 3. Influence of the NP size on the complex conforma-
tion with Ci ) 0.001 M and σ ) +100 mC/m2: (a) Rp ) 15 Å,
(b) Rp ) 25 Å, (c) Rp ) 35.7 Å, (d) Rp ) 45 Å, and (e) Rp ) 55
Å. The increase of the number of monomer in trains as a
function of the NP radius Rp is presented in the inset.
Saturation is observed because of the finite size of the PE (N
) 200, R ) 1, kang ) 0 kBT/deg2).
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increasing the ionic concentration in good agreement
with the decrease of the Debye length of the system.
b. Complex Formation Effects on Titration
Curves. By adding a weakly charged NP with Rp ) 35.7
Å (σ ) +10 mC/m2) and considering the titration curve
of the isolated PE at N ) 200 with Ci ) 0.001 M as a
reference curve, it is observed that the complex forma-
tion does not change significantly the acid/base proper-
ties of the chain (Figure 4b). The adsorption/desorption
limit is found when pH- pK0 ∼ 0.7 and the NP presence
is not affecting the general shape of the titration curve.
However, by increasing the particle surface charge
density to σ ) +25 mC/m2, a deviation from the
reference curve is observed, suggesting modification of
the acid/base properties of the weak PE. Identical R
values are reached at lower pH - pK0 values; i.e., the
acid/base properties of the PE are modified by making
chain ionization easier. When the charged polymer is
desorbed, here when pH - pK0 < 0.15, the correspond-
ing titration curve goes to the isolated chain limit. By
further increasing σ to +50, +75, and +100 mC/m2,
complexes are formed in the whole pH - pK0 domain.
By decreasing the pH - pK0 in such conditions, ΔpK
rapidly decreases to zero where the behavior of mono-
mers forming the PE is similar to the isolated mono-
mers. By further decreasing the pH- pK0, ΔpK becomes
negative, making the PE monomers easier to ionize than
free monomers in solution because of the presence of a
strongly oppositely charged NP. This effect was found
to be reduced by increasing the ionic concentration in
agreement with charge screening. Table 1 and Figure
4b summarize the main results of our former paper.24
c. Nanoparticle Size Effects on Titration Curves.
As observed in Figure 2, the number of monomer in
trains mainly depends on NP surface charge density and
ionic concentration controlling the balance between
monomer/NP attraction and monomer/monomer repul-
sion. On the other hand, NP size is also expected to play
a key role on PE adsorption and PE electrical properties.
To get an insight into the effect of NP size on titration
curves, we carried out simulations with Rp ) 15, 25,
35.7, 45, and 55 Å. The chain length, ionic concentration,
and surface charge density of the NP were fixed at N )
200, Ci ) 0.001 M, and σ ) +100 mC/m2, respectively.
The corresponding titration curves are presented in
Figure 4c, and once again we note a significant change
in the titration curve. For a given pH - pK0 value, the
degree of ionization and Ntrain increase (Figure 3) with
the increase of the NP radius because of the increase of
Figure 4. Variation of the PE degree of ionization R as a
function of pH - pK0 when Ci ) 0.001 M for (a) an isolated
PE and (b, c) in the presence of an oppositely charged NP. The
influence of chain length is investigated in (a). The presence
of an oppositely charged NP greatly affects the acid/base
properties of the PE (see b) by promoting the formation of
charges along the PE backbone. When the radius of the NP
increases, the amount of adsorbed monomers increases, and
as a result, PE ionization is promoted (see c).
Table 1. Equilibrated Conformations of Weak and
Flexible PE with N ) 200, Rp ) 35.7 Å, and σ ) +100
mC/m2 at Two Ionic Concentration Ci ) 0.001 and 0.1 M
and vs pH - pK0a
a In the inset of each cell, the average value of the ionization
degree R is given. Charged monomers are represented by yellow
spheres whereas noncharged monomers are represented by blue
spheres. Because of the balance of attractive and repulsive
electrostatic forces, extended tail, compact, and desorbed confor-
mations are observed and the degree of ionization is controlled by
both pH - pK0 and Ci values. Ri (i ) 1...4) indicates the
complexation regimes when Ci > 0.01 M.
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the monomer/NP attraction for charged monomers
(along with reduced monomer/monomer repulsion). In
such conditions the PE can freely expand at the NP
surface and have its electrical properties fully modified
by the presence of an oppositely charged NP.
d. Variation of Ntrain, Nloop, and Ntail during
Titration. We consider here the situation where N )
200 and Rp ) 35.7 Å. Ntrain variations are presented in
Figure 5 as a function of R at several NP surface charge
densities. When Ci ) 0.1 M (Figure 5a), Ntrain decreases
when R decreases (excepted when no adsorption is
achieved, i.e., at σ ) +10 mC/m2), suggesting that
monomers in trains, in loops, or in short tails are not
switched off preferentially. When a protruding tail is
achieved in the low salt regime Ci ) 0.001 M (Figure
5b), the variation of Ntrain as a function of the degree of
ionization shows a large plateau when high R values
are considered, suggesting that monomers in the large
tail are now switched off first. It should be noted here
that the corresponding titration curve (Figure 4b)
presents one inflection point which denotes the disap-
pearance of the protruding tail with the decrease of R.
To get an insight into the polymer conformation at
the NP surface, evolutions of Ntrain, Nloop, and Ntail when
N ) 200, Rp ) 35.7 Å, σ ) +100 mC/m2, and different
ionic concentration as a function of pH - pK0 are
presented in Figure 6. Considering first the situation
corresponding to Ci > 0.01 M, clearly four regimes can
be defined during the titration procedure in agreement
with the equilibrated conformations presented in Table
1. Regime 1. This regime is characterized by Ntrain ≈
Nloop and with R close to one. Ntail is close to zero, and
thus most of monomers are present in trains or in loops.
Regime 2. By decreasing the pH - pK0, R decreases and
Ntrain decreases to form loops. Regime 3. By further
decreasing the pH - pK0, Ntrain rapidly decreases and
Nloop rapidly increases whereas Ntail increases but still
remains small. Then desorption is observed in regime
4. When Ci ) 0.001 M (Figure 6d), adsorption is
observed in the full considered pH range. When R is
close to one, monomers are equitably distributed in
trains, loops, and tails. By decreasing pH - pK0, Ntail
decreases whereas Nloop increases since Ntrain remains
constant and then decreases. At this point, the PE is
homogeneously wrapped around the NP forming loops
and trains with no extended tail in solution.
e. Adsorption/Desorption Limit. For a practical
and rational use of PE, in flocculation processes for
example, it is important to predict adsorption/desorption
limits. In Figure 7a are presented the adsorption and
desorption domain as a function of the NP surface
charge density and pH - pK0(critic), i.e., the pH - pK0
value where desorption is observed, at two ionic con-
centrations. We clearly demonstrate here that adsorp-
tion is promoted with increasing pH - pK0 and decreas-
ing ionic concentration.
B. Semiflexible Polyelectrolytes. 1. Fully Charged
Semiflexible Polyelectrolytes. a. Nanoparticle Size
Effects. To get an insight into the complex structure
formed between a semiflexible PE and NP and influence
of the NP size, we carried out simulations at constant
N ) 40, R ) 1, and kang ) 0.04 kBT/deg2 in the low salt
regime (Ci ) 0.001 M). Two surface charge densities
were also considered: +50 and 100 mC/m2. Rp was
Figure 5. Monomer distribution in trains Ntrain at the NP
surface as a function of R for a flexible chain and various NP
surface charge densities. The total number of monomer and
the NP radius are respectively equal to N ) 200 and Rp )
35.7 Å. Owing to the high PE/NP affinity at low ionic strength
and presence of a protruding tail, the number of monomers in
trains exhibits a rather constant value, suggesting that
monomers are preferentially switched off in the protruding tail.
Figure 6. Monomer distribution in trains, loops, and tails as
a function of pH - pK0 at various ionic concentrations with σ
) +100 mC/m2, Rp ) 35.7 Å, kang ) 0 kBT/deg2, and N ) 200.
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successively fixed at 15, 20, 25, 30, and 35.7 Å. Equili-
brated conformations are presented in Table 2, and the
mean Ntrain value for each situation is given in the inset
of each cell. According to Table 2, the number of
monomers in trains increases when σ or when Rp
increases. When the NP is small, here, when Rp ) 15
Å, the polylectrolyte is tangent to the NP. That confor-
mation at σ ) +100 mC/m2 is similar to the (e)
conformation in Figure 7 of ref 27. The adsorption
energy is not large enough to overcome the bending
rigidity of the PE, and as a result the polylectrolyte is
tangent to the NP. By increasing further the Rp values,
a “U” conformation is first reached, and when the NP
is sufficiently large, i.e., when Rp > 30 Å, the intrinsic
stiffness as well as curvature NP radius forces the PE
to adopt solenoid conformations as those predicted by
the analytical model of Nguyen and Shkloskii54,55 and
already observed in Table 2 of ref 23.
b. Chain Length Effects. Several values of N were
chosen (N ) 40, 80, 100, and 200 monomers) and kang
values adjusted (kang ) 5 × 10-4, 1 × 10-3, 5 × 10-3, 1
× 10-2, and 2 × 10-2 kBT/deg2) to derive a conforma-
tional state diagram. The NP radius was fixed at 35.7
Å, surface charge density to σ ) +100 mC/m2, and the
ionic concentration to Ci ) 0.001 M. According to the
large number of possible complex structures, even for
each situation, simulations were repeated more than 25
times. Characteristic conformations are given in Table
3. By increasing the PE length, a multitude of possible
structures are achieved23,31,56 as a function ofN and kang.
The rosette structure is quite robust and appears when
N and kang are sufficiently large. When N ) 200 and
kang ) 0.02 kBT/deg2, a rosette with two large loops is
observed. In good agreement with Schiessel,18 the
number of loops increases and their size decreases when
the kang value decreases. A large tail is observed for PEs
with kang e 0.005 kBT/deg2 when the PE can freely
adsorb at the NP surface. At a given kang value the
number of loops and their size decrease when N
decreases. No loops are observed when N e 80. Finally,
a “tennis ball” structure is observed when N ) 80 and
kang ) 0.005 kBT/deg2. The PE persistence length Lp
which is defined as the sum of an electrostatic le and
intrinsic l0 part was calculated using the analysis of the
bond angle correlation function.57-59 Lp is given in the
inset of each cell of Table 3 for the isolated PE. It should
be noted that for a given number of monomers Lp first
decreases then increases with kang, presenting hence a
minimum value for PEs having a small amount of
intrinsic stiffness.60
c. Amount of Adsorbed Monomers. The variation
of the number of monomers in trains as a function of
kang for different N values with Rp ) 35.7 Å, σ ) +100
mC/m2, and Ci ) 0.001 M is now presented in Figure 8.
When N e 40, the PE is totally adsorbed onto the NP,
and the number of monomers in trains is weakly
dependent on the chain stiffness. When N g 80, the
maximum amount of adsorbed monomers is reached
when kang ) 0.001 kBT/deg2, i.e., when the Lp of the
isolated chain is minimum, hence, when the chain
stiffness is not too large to promote desorption but large
enough to promote minimum ordering at the particle
surface.
When N g 100, by increasing the kang value, Ntrain
decreases due to the formation of large loops around the
NP. It should be noted that for a given kang value the
total number of adsorbed monomers is more or less
constant, in particular when kang is small, and indepen-
dent of the PE size. It should be also noted that the
standard deviation increases when kang increases, re-
flecting the increase of the possible conformations and
structural diversity that can be achieved with semiflex-
ible chains.
Figure 7. Adsorption and desorption domain limits. Domains
are delimited by critical pH - pK0 values. N ) 200, Rp ) 35.7
Å, and Ci ) 0.01 and 0.1 M. (a) Influence of the ionic strength.
(b) Influence of the chain stiffness when Ci ) 0.01 M.
Table 2. Influence of the Colloidal Particle Size and
Surface Charge on the PE/NP Complex with N ) 40, r )
1, and kang ) 0.04 kBT/deg2 a
a Tangent, U-shaped, and solenoid conformations are achieved.
Considering σ ) +100 mC/m2 with Ci ) 0.001 M and by gradually
increasing the NP size, the PE moves from a tangent to a solenoid
conformation.
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2. Titration of Semiflexible Polyelectrolytes. a.
Effects of Chain Stiffness on Titration Curves
(Isolated Polyelectrolyte). We carried out simula-
tions with an isolated chain with N ) 200 and Ci )
0.001 M. Four values of kang were considered, kang ) 0,
0.001, 0.01, and 0.02 kBT/deg2. Two limiting titration
curves A and B using frozen conformations, i.e., con-
formations with no possible movements, were first
calculated: for a rigid rod, namely form A and a self-
avoiding walk representative conformation, namely
form B (Figure 9). The two curves A and B constitute
here asymptotic cases for a given ionic concentration.
Then titration curves were calculated for various chain
rigidity. For a flexible PE with kang ) 0, at low R values,
the B form dominates and the titration curve logically
lies along the curve B. By increasing the pH - pK0
value, when R > 0.1, the PE has a more extended
conformation which promotes deprotonation, and hence
the degree of ionization R and as a result the titration
curve are moving away from the curve B.
Increasing the chain stiffness with kang g 0.01 kBT/
deg2, the titration curve lies along curve A, indicating
that PEs adopt nearly rigid rod conformations at any
R. When kang ) 0.02, the titration curve fits curve A. It
should also be noted that (i) when kang ) 0.001 the
intrinsic stiffness is not large enough to completely move
the titration curve along the curve A and (ii) for a given
pH - pK0 value, an increase of the chain stiffness
promotes deprotonation, i.e., the increase of the degree
of ionization.
b. Adsorption/Desorption Limit. We determined
the adsorption and desorption domain as a function of
the NP surface charge density and pH - pK0(critic) when
Ci ) 0.01 M and Rp ) 35.7 Å (Figure 7b). The situation
with Ci ) 0.001 M is not considered here as the complex
is formed in the whole range of the investigated pH -
pK0 values. A flexible (kang ) 0) and rigid PE (kang )
0.02 kBT/deg2) with N ) 200 are considered. For small
σ values, it is clearly demonstrated that adsorption is
promoted with increasing pH - pK0 and the decreases
of chain stiffness and the difference between the pH -
pK0(critic) values for a flexible and semiflexible PE
decreases when σ increases.
Focusing on the situation where σ ) +75 mC/m2, kang
) 0.02 kBT/deg2, Ci ) 0.001 M, and corresponding
conformations which are given in Table 4, a solenoid
with two turns is achieved when R ) 1. Then by
decreasing pH -pK0, it becomes here more evident that
(as previously suggested on Figure 5 and Table 1)
monomers in the large tail are switched off preferen-
tially and that the remaining charged units are in direct
contact with the NP. As a result, annealed polyanions
are expected to bound more strongly than quenched
polyanion of equivalent linear charge density due to
charge mobility.
c. Chain Stiffness Influence on Titration Curves
(with a Nanoparticle). We carried out simulations
with N ) 200 and Ci ) 0.001 M. Four values of kang
were considered: kang ) 0, 0.001, 0.01, and 0.02 kBT/
deg2. By adding a highly charged NP of radiusRp ) 35.7
Å (σ ) +100 mC/m2) and considering the titration curve
of the flexible PE as a master curve, it is observed that
the PE stiffness significantly changes the acid/base
properties of the chain (Figure 10a). Increasing the
chain stiffness (kang g 0.01 kBT/deg2) yields two effects
by comparing the titration curve of the flexible and
semiflexible chain. When R > Rc (the degree of ionization
Rc corresponding to the point where the titration curve
at kang ) 0 and kang > 0 intercept), chain stiffness is
promoting ionization by increasing the chain extension
decreasing hence the electrostatic repulsion between
monomers. On the other hand, when R < Rc, chain
stiffness has a strong effect on the number of adsorbed
monomers. By reducing the amount of adsorbed mono-
mers, the influence of the oppositely charged NP is less
important and makes PE ionization more difficult.
Table 3. Equilibrated Conformations of PE/NP Complexes with r ) 1, Ci ) 0.001 M, σ ) +100 mC/m2, and Rp ) 35.7 Å at
Various Polymer Lengths N and Chain Stiffness kanga
a In the inset of each cells, the total persistence length Lp of the isolated PE (prior to complexation) is given. Solenoid, tennis ball, tail,
and rosette conformations are achieved. Rosette conformations are caracterized by extended loops whose size is decreasing with the
increase of the chain flexibility.
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Summary and Conclusions
Monte Carlo simulations were used in the Debye-
Hu¨ckel approximation to investigate the complexation
of a weak polyelectrolyte (PE) with an oppositely
charged nanoparticle (NP). Solution properties as well
as structural parameters (NP and PE sizes, NP surface
charge density) with special focus on the PE stiffness
were investigated. Their roles on the PE/NP complex
structure, adsorption/desorption limit, and titration
curves were systematically investigated by considering
the fully charged and pH-dependent charged PE.
Our simulations point out the importance of several
competing effects: the attractive interaction between the
charged PE monomers and the NP, the increase of the
electrostatic repulsions along the PE chain with the
increase of the pH which limits the PE degree of
ionization and promotes chain expansion, the ionic
concentration which decreases the attractive interaction
between the PE and NP but promotes the PE ionization
degree, and finally chain stiffness which promotes PE
expansion and ionization but penalizes PE adsorption
at the NP surface. As a result, a multitude of possible
conformations (solenoid, rosette conformations, confor-
Figure 8. Variation of the monomer number in trains as a
function of kang at various PE lengths with Rp ) 35.7 Å, σ )
+100 mC/m2, and Ci ) 0.001 M. When kang g 0.001 kBT/deg2,
the amount of adsorbed monomers is clearly decreasing with
increasing the chain stiffness. In each cell is represented the
conformation where Ntrain is maximum.
Figure 9. Titration curves of an isolated chain with N ) 200,
Ci ) 0.001 M, and four values of kang ) 0, 0.001, 0.01, and
0.02 kBT/deg2. Two limiting titration curves A and B using
frozen conformations are presented: form A for a rigid rod and
form B for a SAW conformation. The two curves A and B
constitute here asymptotic cases at high and low degree of
ionization, respectively. It is demonstrated here that increasing
the chain stiffness promotes the PE ionization.
Table 4. Equilibrated Conformations of a Weak
Polyelectrolyte Forming a Complex with a Nanoparticlea
a Ci ) 0.001 M, Rp ) 35.7 Å, σ ) +75 mC/m2, N ) 200, and kang
) 0.02 kBT/deg2. By decreasing the PE degree of ionization, we
clearly demonstrate that the monomer charges are switched off
preferentially in the large tails prior to desorption.
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mations presenting protruding tails in solution, etc.) can
be achieved and imposed by the NP size.
The analysis of the titration curves clearly demon-
strates that the presence of an oppositely charged NP
can profoundly affects the acid/base properties of a PE
by promoting chain ionization. In addition, because of
charge mobility, charges accumulate at the NP surface,
suggesting that annealed polyanions are expected to
bind more strongly than quenched polyanions of equiva-
lent charge density. Despite the fact that the simula-
tions reported here are a preliminary step to a more
precise modeling of PE/NP mixtures, our model is
expected to capture the physics of the interactions
between linear PE and oppositely charged particles with
a regular surface charge distribution. Further refine-
ments are presently under consideration by including
explicit counterions and hydrophobic interactions, for
example, the computational description of adsorption
processes being part of great challenge.
It should be noted that chain stiffness influences the
acid/base properties of the PE, and both the titration
curves corresponding to the flexible and semiflexible
situation intercept on the isolated monomer titration
curves (ΔpK ) 0), where the connectivity and hence
intrinsic stiffness along the polyelectrolyte do not play
a direct role.
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Effects of Polyelectrolyte Chain Stiffness, Charge Mobility, and
Charge Sequences on Binding to Proteins and Micelles
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The binding affinities of polyanions for bovine serum albumin in NaCl solutions from I ) 0.01-0.6 M, were
evaluated on the basis of the pH at the point of incipient binding, converting each such pHc value into a critical
protein charge Zc. Analogous values of critical charge for mixed micelles were obtained as the cationic surfactant
mole fraction Yc. The data were well fitted as Yc or Zc ) KI a, and values of K and a were considered as a
function of normalized polymer charge densities (τ), charge mobility, and chain stiffness. Binding increased with
chain flexibility and charge mobility, as expected from simulations and theory. Complex effects of τ were related
to intrapolyanion repulsions within micelle-bound loops (seen in the simulations) or negative protein domain-
polyanion repulsions. The linearity of Zc with I at I < 0.3 M was explained by using protein electrostatic
images, showing that Zc at I < 0.3 M depends on a single positive “patch”; the appearance of multiple positive
domains I > 0.3 M (lower pHc) disrupts this simple behavior.
Introduction
The electrostatic interaction of polyelectrolytes and proteins
is relevant to many physiological processes and to a number of
applications. As an example of in vivo phenomena, the
glycosaminoglycans (GAGs) heparin and heparan sulfate interact
with the protein antithrombin to regulate the blood coagulation
cascade.1 Similarly, the GAG hyaluronic acid forms ternary
complexes with cartilage link protein and the proteoglycan
aggrecan to provide joint tissue with its load-bearing properties.2
With regard to applications, protein-polyelectrolyte interactions
are central to protein separations,3,4 biosensor development,5 and
enzyme immobilization.6 The general subject of protein-
polyelectrolyte interactions has been recently reviewed by
Cooper et al.7
At least in part, protein-polyelectrolyte interactions may be
considered a subset of polyelectrolyte-colloid interactions,
although the issue is complicated by the question of “specific”
vs “nonspecific” interactions in biological cognate pairs.
Nevertheless, the fundamental relations anticipated on the basis
of long-range electrostatic effects cannot be held in abeyance
even for biologically co-evolved systems. One consequence of
these interactions is the central role of three variables: the
colloid surface charge density σ, the polyelectrolyte linear charge
density , and the ionic strength, typically embodied in the
Debye-Hu¨ckel parameter κ. An important consequence of
theory8,9 is the finding of a transition from bound to unbound
state with a change in any of those three variables, so that the
critical conditions for binding at constant temperature could be
expressed as
a result initially obtained for polyelectrolyte adsorption onto
flat surfaces, but subsequently found for spherical colloids as
well,9,10 with values of b ranging from 0.5 to 3.8-11 This result
has been supported by experiments with various polyelectrolytes
interacting with oppositely charged micelles12-17 and large
dendrimers (smaller dendrimers behaving more like large
counterions).14,18 Still, discrepancies between the experimental
systems and the theoretical model must be noted. With micelles,
the surface charge density is controlled by the mole fraction of
ionic surfactant (Y) or by the degree of ionization of acidic or
basic surfactant headgroups (R or , respectively), and one may
in fact observe a critical value for Y (or R or ) at the onset of
complex formation.12,13,19 However, equating Y (or R or ) with
σ presumes, among other things, that the distribution of ionic
surfactant headgroups is uniform and that these headgroups can
be considered to define a “surface”. Once such assumptions are
made, it is possible in the case of micelles with surfactant
headgroups amenable to potentiometric titration, to determine
(ψ0)c, the surface potential at critical binding conditions.20 From
this value, in conjunction with micelle radius and ionic strength,
one may obtain σc by using the Poisson-Boltzmann equation
in approximate analytical form or via numerical solutions,21 and
so rationalize experiment in terms of eq 1.
The situation is evidently more complicated for proteins,
where the simple observation of binding “on the wrong side of
the isoelectric point” clearly indicates that polyelectrolytes may
interact with a charged domain that may be opposite in sign to
the net protein charge. For a half-dozen polyelectrolyte-protein
pairs, it was shown that this situation gives rise to maxima in
the binding affinity as a function of ionic strength I, with Imax
corresponding to Debye lengths close to the protein radius.22
The exact location of this electrostatic binding site is not a priori
known, nor is it constant over the entire I range, although
Grymonpre´ et al. suggested criteria by which it might be
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σc ∼ κb (1)
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identified.23 The question of a positive electrostatic binding site
encompassed within a globally negative protein is certainly of
biological interest, as anionic biopolyelectrolytes such as GAGs
do bind to proteins with pI < 7, i.e., proteins with net negative
charge under physiological conditions.24 But the nonuniformity
of protein charge distributions obscures the relevance of eq 1
to polyelectrolyte-protein interactions, despite the tantalizing
finding for at least one polyelectrolyte-protein system, of a
linear dependence on I 1/2 of the net protein charge at the onset
of binding, corresponding to eq 1, with b ) 1.25
In addition to σ, , and κ, theory also points to the importance
of the polymer chain stiffness, usually parameterized as the bare
or intrinsic persistence length lpo, and the expectation of
diminished polyelectrolyte binding (larger σc) for large lpo is
also borne out by simulations.26,27 An additional polyelectrolyte
property is charge mobility, and the ability of transient charges
arising from proton migration to adapt to colloid charge patterns
and so yield higher affinity has been suggested by experiment28
and simulations. In contrast to such “annealed” polyelectrolytes,
strong or “quenched” polyelectrolytes can arrive at charge
complementarity only through sequence distributions arising
from synthesis conditions, as suggested by Feng et al.13
The purpose of the present work is to investigate the effects
on colloid binding of these polyelectrolyte structural variables:
chain stiffness, charge density, charge mobility, and sequence
distribution. An attempt was made to focus on comparisons
among or between anionic polyelectrolytes in which only one
of these parameters varied. As examples of stiff polyelectrolytes,
we employed hyaluronic acid (HA) and pectin. Charge mobility
was provided by these two biopolyelectrolytes and poly (acrylic
acid) (PAA). Charge density was investigated by using copoly-
electrolytes made by copolymerization of acrylamide (AAm)
and 2-acrylamido-2-methylpropanesulfonate (AMPS). Some
degree of control of sequence distribution was sought by using
copolymers prepared in N,N-dimethylformamide (DMF) and in
water because reactivity ratios differ markedly in these two
solvents. Our method is the construction and analysis of “phase
boundaries”, i.e., the ionic strength dependence of critical colloid
charge over the range 0.010 M < I < 0.6 M. Our primary
interest was protein binding, and we chose for this purpose
bovine serum albumin (BSA), readily purified, inexpensive, and
with known surface charge distributions.23,29 Because of the
complexity of these distributions, companion studies were
carried out with a spherical cationic-nonionic mixed micelle,
dodecyltrimethylammonium bromide/Triton X-100 (DTAB/TX-
100), which provided as an additional advantage the ability to
fix pH and hence the charge density of polycarboxylic acids.
BSA-binding features not seen in the micelle-binding case could
thus be more readily ascribed to aspects unique to the protein,
i.e., charge and shape anisotropy. The results for micelle binding
were consistent with characteristic simulations snapshots. For
the protein case, visualizations of protein charge arrangements
by protein electrostatic potential modeling were invoked to
explain several features of interest.
Experimental Section
Materials. Heat shock, fatty acid-free bovine serum albumin (BSA)
was purchased from Roche Diagnostics (Indianapolis, IN) (lot 93225920)
and was used without further purification. Triton X-100 (TX-100) and
dodecyltrimethylammonium bromide (DTAB) were purchased from
Aldrich (St. Louis, MO).
Copolymers of poly(2-acrylamido-2-methylpropanesulfonate-co-
acrylamide) (AMPS-AAm) of varying AMPS content were synthesized
by free-radical polymerization in N,N-dimethylformamide (DMF) (MW
45 000 estimated by SEC) and in water (MW approximately 100 000
estimated by SEC), using monomer feed compositions of 0.50, 0.25,
and 0.20 mole fraction AMPS. The AMPS homopolymer (PAMPS)
was synthesized in water (MW on the order of 100 000) and
subsequently dialyzed and lyophilized prior to use. To avoid the use
of subscripts in plots, the AMPS/AAm copolymers are referred to by
their synthesis solvent and AMPS content, e.g., “DMF20”. Poly(acrylic
acid) (PAA) (Aldrich, MW 250 000) was neutralized with sodium
hydroxide, dialyzed, and lyophilized. A second sample (Polysciences,
MW 50 000) was similarly prepared. In keeping with previous
findings,16 MW was seen to have no effect on the onset of soluble
complexation. More detailed information on the polyelectrolytes
synthesized is given in Table 1.
Pectin (CP Kelko, Lille Skensved, Denmark) “Genu test sample
0001-8D”, MW 86 000, 48% esterified, was reported to have a blocky
methyl ester distribution. Sodium hyaluronate (MW 900 000 and
1 200 000) was obtained from Shiseido (Yokohama, Japan). NaCl, 0.1
N HCl, and 0.1 N NaOH were all certified ACS grade from Fisher
Scientific.
Experimental Methods. Turbidimetric Titration. Turbidity measure-
ments were made with a Brinkman PC 800 probe colorimeter
(Westbury, NY) fitted with a 470-nm filter and a 1.0-cm path length
optical probe. An automatic titrating system (ATS), designed and
constructed in-house by K. W. Mattison and Y. Zhu, was used for
programmed delivery of titrant from a 2.0-mL microburet (Gilson).
Transmittance was set to 100% T with Milli-Q water. For polyelec-
trolyte-protein titrations, a Corning pH meter, calibrated with pH 4.0
and 7.0 pH buffers, was used to measure solution pH upon each addition
of HCl.
BSA and polymer solutions were prepared at 2.5 g/L and 0.5 g/L,
respectively, in NaCl solution of the desired ionic strength. BSA
solutions were adjusted to pH 9.0 to prevent self-aggregation and
subsequently stirred for 1 h prior to filtering. Polymer solutions were
allowed to stir at least 2 h; pectin samples, overnight. All solutions
were prepared with Milli-Q water and filtered through Sartorius 0.22-
μm membrane filters prior to use. Protein and polymer samples prepared
as described above were combined 1:1 (v/v) for final concentrations
of 1.25 g/L and 0.25 g/L, respectively. Pectin samples were adjusted
to neutral pH just prior to mixing with protein solutions. All solutions
were titrated with 0.1 N HCl from pH 8 to a pH at which solutions
were visibly turbid. Following titration, plots of 100% T vs pH were
constructed to determine pHc.23-25 The values of pHc could be obtained
with a precision of (0.1, as found from duplicate measurements.
DTAB, TX-100, and polymer solutions, with the exception of pectin,
were prepared at 500 mM, 40 mM, and 1.0 g/L concentrations,
respectively, in NaCl solution of the desired ionic strength. Polyelec-
trolyte-micelle titrations were done with the same polymers used in
the protein study except for DMF25, which was replaced by DMF20
due to the low availability of the former. For pectin titrations, the
concentrations of each solution were halved. PAA and pectin samples
were each adjusted during preparation to a pH corresponding to a degree
of ionization R ) 0.50. Titration solutions were prepared by mixing
polymer and TX-100 1:1 (v/v) to give 0.5 g/L and 20 mM final
concentrations, respectively (for pectin titrations, final concentrations
were 0.25 g/L and 10 mM, respectively). DTAB (500 mM or 250 mM
Table 1. Properties of Synthetic Polyelectrolytes
feed
composition
actual
composition Mn
conversion
%
H20-38 50:50 38:62 108 000 10
DMF50 50:50 52:48 45 000 9.3
PAMPSa 100:0 100:0 100 000
DMF20a 20:80 20:80 ∼100 000 99
DMF25a 25:75 25:75 200 000 99
a Reference 30.
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in the case of pectin) was then added from a microburet until solutions
were visibly turbid. Yc, the critical DTAB mole fraction at the onset of
binding, measurable with a precision of (0.02, was plotted vs ionic
strength to construct micelle-polyelectrolyte phase boundaries.12,13,15,16
Dynamic Light Scattering. DLS measurements were carried out at a
scattering angle of 90° and at 25 ( 1 °C with a Brookhaven system
(Holtsville, NY) equipped with a 256-channel digital autocorrelator (BI-
9000 AT) employing a 488-nm 100 mW Ar laser. A 400-μm pinhole
aperture was employed for the EMI photomultiplier tube, and decalin
(dehydronaphthalene) was used as the refractive index matching fluid
to reduce stray light. Because free protein and protein-polymer
complex could coexist, we analyzed the autocorrelation functions by
using both CONTIN and NNLS at pH < pHc. We used CONTIN alone
only at pH > pHc because, under these conditions, the protein is the
only significant scatterer. The application of these methods to such
systems has been reported in detail.31-33
Simulations. Computer simulations were used with the goal of
interpreting experimental data and clarifying the importance of some
of the observed effects. In this context, Monte Carlo simulations were
performed according to the Metropolis algorithm in the grand canonical
ensemble. A coarse grain model is used to generate off-lattice three-
dimensional polyelectrolyte chains containing a variable number of
jointed, solvent-excluded, hard spheres N. A sphere is considered to
be a physical monomer of radius Rm ) lB/2 ) 3.57 Å, where lB
represents the Bjerrum length at 298 K. Each monomer can carry a
negative charge on its center or can be neutral. The charges on the
polyanion are considered here as in equilibrium with a bulk of fixed
chemical potential. Water is treated as a dielectric medium with a
dielectric constant r ) 78.5. The micelle or globular protein is
represented as an impenetrable, solvent-excluded, uniformly charged
sphere. The radius of the sphere is noted Rp, and its positive charge is
assumed to be concentrated into a point located on its center. It is
assumed that both the polyelectrolyte and micelle or globular protein
have the same dielectric constant as the solvent. The long-range
repulsive electrostatic potential along the distance rij between charged
units i and j is described via a screened Debye-Hu¨ckel potential:34
the overall effect of free ions on monomer-monomer and monomer-
micelle interactions are described via the dependence of the inverse
Debye screening length κ on the electrolyte concentration. The stiffness
of the chain is controlled by freely rotating connections between rigid
segments connecting the monomers. The intrinsic chain stiffness is
adjusted by a square potential with variable amplitude to vary its
strength, and the bending energy is given by
where θi represents the angle formed by the vectors consecutive
monomers ri-1 - ri and ri+1 - ri and θ0 ) 180°. kang defines the chain
stiffness and is here expressed in kBT/deg2 units.
To sample low energy conformations, the monomer positions are
randomly modified by specific movements such as pivot, end-bond,
and kink-jump. After each elementary random move, the change in
energy, ΔE, is considered and the Metropolis35 selection criterion is
employed to either select or reject the movement. The polyelectrolyte
is considered as adsorbed when at least one monomer is in contact
with the micelle, i.e., the distance between their centers is < Rp + 2Rm,
during more than 50% of the equilibration period.
Because of their connectivity along the polyelectrolyte chain, charged
monomers strongly interact and their acid/base properties are different
from ideal systems. The difference in the acid/base properties between
the isolated monomer and the monomer within the polyelectrolyte is
expressed by
where pKa represents the dissociation constant of a monomer in the
absence of electrostatic interactions and R the degree of ionization.
ΔpK largely depends on polyelectrolyte length, complex formation,
and polyelectrolyte degree of ionization, as well as on the ionic
concentration and presence of an oppositely charged sphere. In this
model, after a given number of MC steps to equilibrate the polyelec-
trolyte conformation, a monomer is chosen at random, and depending
on the solution pH, its charge state is switched on or off, respectively.
The energy change, ΔE, that determines the probability for accepting
(according to the Metropolis Monte Carlo criteria) the new charge state
is then the sum of the change in electrostatic interaction ΔEc and a
term that corresponds to the change in free energy,36,37
When a monomer is protonated, the plus sign is used, whereas when
the monomer is deprotonated, the minus sign is required. To consider
pH variations in the solution, the value of pH - pKa in eq 5 is then
adjusted for each simulation run (input parameter). For each simulation
run at a given pH - pKa value, after energy minimization, the
polyelectrolyte degree of ionization R is directly measured by consider-
ing the number of charged monomers from the analysis of the
equilibrated conformations.
Protein Electrostatic Potential Modeling. Molecular protein
modeling was carried out by DelPhi version 98.0 (Molecular Simula-
tions, San Diego, CA). The crystal structure of dimeric human serum
albumin (HSA) was obtained from the Research Collaboratory for
Structural Bioinformatics (RCSB) Protein Data Bank (PDB ID 1AO6)
(www.rcsb.org/pdb) and edited to more closely resemble monomeric
bovine serum albumin (BSA) before calculating the electrostatic
potential. Chain B of the dimer, identical to chain A, was deleted. The
charges of amino acids on proteins were determined by following the
simple charge model of Tanford.38 Partial charges were assigned to
each amino acid capable of bearing a net charge at any given pH. These
assignments were based on intrinsic pK values determined from
published titration curves.23 Three N-terminal amino acids were missing
from the PDB file; this was corrected by assigning to the terminal amino
acid a net charge corresponding to the sum of its own charge and the
charges of the three deleted amino acids. The edited structure was placed
in the center of a grid box to provide maximum working surface. The
resolution was set to 101 grid points per axis. The dielectric constants
of the protein and solvent were set to 2.5 and 80, respectively. The
electrostatic potential around the protein was calculated as a function
of pH and ionic strength by nonlinear solution of the Poisson-
Boltzmann equation, converging after 500 iterations. Red and blue
potential surfaces around the proteins were set to represent -0.1 kT/e
and 0.1 kT/e, respectively.
Results and Discussion
Critical Conditions for Complex Formation. Equation 1
describes the condition for the appearance of a bound state, at
a fixed polyelectrolyte linear charge density, in terms of the
relationship between the critical surface charge density σc and
the Debye-Hu¨ckel screening parameter κ. To express this in
experimental terms, we first recognize that, for 1:1 electrolytes
in water at ambient temperature, κ(nm-1) ) 3.281*I, and
express eq 1 as
or, at a fixed polyelectrolyte charge density,
uel(rij) )
zizje
2
4πr0rij
exp[ -κ(rij - (Ri + Rj))]
(1 + κRi)(1 + κRj)
(2)
Ebnd) ∑
i ) 2
N
kang(θi - θ0)2 (3)
ΔpK ) pK - pKa ) pH - pKa - log
R
1 - R (4)
ΔE ) ΔEc ( kBT(pH - pKa)ln(10) (5)
σc ∼ I a (6a)
σc ) KI
a (6b)
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where the exponent a is related to that in eq 1 by a ) b/2.
Equations 6 describe the ionic strength dependence of the point
of incipient complex formation induced by a continuous increase
in colloid charge. For proteins, this increase arises from a change
in pH, as is also the case for micelles with titratable headgroups
or dendrimers with titratable termini. Extraction of σ from
experimental data is possible in the last two cases by using
potentiometric titration to obtain surface potentials and convert-
ing those to surface charge densities via some form of the
Poisson-Boltzmann equation. For mixed micelles, a continuous
increase in colloid surface charge density corresponds to a
change in Y, the mole fraction of the ionic surfactant. When a
potentiometric probe is included in the mixed micelle, σ can
be measured directly, but more commonly it is presumed to be
linear with Y or, more precariously, with net protein charge, Z.
Thus, experiments that adhere to eqs 6a and b support theory,
especially if they make it possible to test the identification of
the prefactor K or exponent a with physical parameters such as
polyelectrolyte chain stiffness (embodied in the bare persistence
length, lpo), or polyelectrolyte charge density τ, where τ is a
normalized charge density equal to one when every repeat unit
of a vinylic polymer bears a full charge. The theory that leads
to eq 1 is a single-molecule theory that does not consider
multichain or colloid-colloid interactions; the absence of any
influence of polymer concentration or micelle concentration on
Yc demonstrates that eqs 6a and b are appropriate for the current
experimental results.16 Regardless of theory, linearization of the
I dependence of Yc or Zc facilitates comparisons among different
polyelectrolytes or between different ionic strength regimes for
a single polyelectrolyte. Examination of plots of log Yc or log
Zc vs log I over one or 2 orders of magnitude in I makes it
possible to identify a linear regime and extract the value of a.
The subsequent plots of Yc or Zc vs I a provide a more stringent
test of the scaling term and allow us to decide whether a itself
is dependent on polyelectrolyte. The procedures for expressing
the results as KI a ) Yc or Zc will be explained separately for
micelles and proteins.
Parts A and B of Figure 1 show the ionic strength dependence
of Yc for all polyelectrolytes. Linearization of micelle binding
data was done by first subtracting from Yc its extrapolated value
at I ) 0, “k” for Figure 1A and B. This constraint that forces
adherence to eq 6b is later removed. The subsequent log-log
plots (Figure 2A and B) gave a value of a ) 0.95 ((0.04) for
all polycarboxylic acids, while for all AMPS-containing poly-
mers, a ) 0.85 ((0.03). Because of the adjustment forcing Yc
to 0 at I ) 0, the vertical shift of the parallel curves in Figure
2A or B should not be interpreted. The adjustment for Figure
2A, however, is almost negligible, so that the vertical displace-
ment corresponds to differences in the prefactor K, attributable
here to increasing lpo (from bottom to top).
Close inspection of the nonlinearized Yc vs I curves presented
in Figure 1B might imply a plateau at high Y values, possibly
suggesting counterion condensation. Previous studies39,40 on
surface potential and mobility of ionic/nonionic surfactants did
in fact reveal a plateau in mobility at high ionic surfactant
composition, which was attributed to micelle counterion con-
densation. The plateau onset at Y > 0.8 was, however, above
nearly all the Yc values in this study.
Figure 3 expresses conditions for the onset of polyelectro-
lyte-protein binding as the ionic strength dependence of the
net protein charge at the critical pH. Zc values are found both
above and below 0. To avoid logarithms of negative numbers,
we plotted log(Zc + 10) vs log I (Figure 4A and B) and observed
linearity at I < 0.36 M for the AMPS-containing polymers and
over smaller ranges of I for HA or pectin. For all polyelectrolytes
except for the low conversion copolymer synthesized in water,
we obtained a ) 0.45 ((0.05) (Figure 4B). Figure 4 reveals an
apparent contradiction: the phase boundaries pass through Z
) 0 (log(Zc + 10) ) 1.0), indicating that binding involves a
local protein domain (“positive patch”) with no special effect
at pH ) pI; nevertheless, the variation of the global protein
charge Zc with I a, a ) 1/2 is compellingly simple. This
relationship between the global protein charge and a local
effective patch charge will be discussed later.
Effect of Charge Mobility. While charges in AMPS-
containing polymers are spatially fixed (“quenched”), charges
associated with weak polyacids or polybases with degrees of
ionization R less than unity are subject to equilibrium between
protonated and deprotonated states and may thus be considered
mobile (“annealed”). There are three such polyanions in this
study: PAA, HA, and pectin. Their degree of ionization R can
Figure 1. Critical conditions for complex formation between poly-
anions and DTAB/TX-100 mixed micelles, expressed as the ionic
strength dependence of Yc, the micellar mole fraction of cationic
surfactant at conditions of incipient complexation. (A) weak polyelec-
trolytes, (B) strong polyelectrolytes.
Figure 2. Log-log plots based on data from Figure 1. (A) weak
polyelectrolytes, (B) strong polyelectrolytes. Yc values are adjusted
by subtracting from Yc its extrapolated value at I ) 0 (referred to as
k in subsequent log-log plots); this constraint is removed in later
sections. The linear region used to determine the exponent a is
shown.
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be fixed by buffer selection for micelle-binding experiments,
which will be presented first. For PAA, R ) 0.5 was chosen to
facilitate comparison with the DMF50 copolymer; this degree
of ionization is attained at a pH between 4.6 and 6.5, depending
on the ionic strength of the solution,41 here varying from 0.010
to 0.60 M. As will be explained below, the pKa’s of pectin and
HA were low enough to ensure nearly full ionization. As seen
in Figure 5A, PAA showed the strongest micelle affinity. This
strong binding relative to the quenched polyelectrolytes is due
to charge mobility: the ability of protons to migrate in order to
form a sequence more favorable to binding than the statistically
average sequence. This effect is illustrated by simulation
snapshots of a weak annealed polyelectrolyte binding to an
oppositely charged sphere in Figure 6A-F, in which charges
migrate to the binding region and are depleted from locally
unbound repeat units, i.e., τeff > τav. Here, the polyanion degree
of ionization is controlled by adjusting the pH - pKa value of
the solution. For the annealed polyanion, in response to the
decrease of R with pH - pKa, charges migrate to the binding
region and are depleted from locally unbound repeat units.
Consequently, binding is more readily achieved by the annealed
polyanion (see F and L conformations). For the quenched
polyanion, charges are regularly distributed along the polymer
backbone. In this case, charge sequence distribution plays an
important role in the final complex formation by stabilizing loop
formation (optimal charge arrangement) for R ) 0.32, 0.18, and
also presumably at intermediate values of R.
An additional consideration in the case of micelles and PAA
is the possibility of hydrogen bonding between the carboxylic
acid groups in PAA and ethylene oxide groups in Triton X-100.
As shown by Yoshida et al.,28 such H bonding is significant at
R < 0.2, and negligible at R > 0.8, and therefore could make
a contribution. However, such a nonelectrostatic contribution
to micelle binding should uniformly depress the measured values
of Yc at low R, thus leading to a negative value of Yc in the
limit of I ) 0, which is not observed in Figure 5A.
pH is not an independent variable in protein binding studies
(Figure 5B) because the critical pH is determined by protein-
polyelectrolyte affinity. In the most problematic case of PAA,
pHc varies from 6.8 at I ) 0.01 M to 4.9 at I ) 0.6 M, and
consequently, the degree of ionization R of this weak polyacid
can vary from 0.5 to 0.75 in the limits of high and low I.
However, if (pH - pKa) g 2, we can assume complete
ionization, i.e., no charge mobility. This is nearly the case for
pectin, for which literature values of pKa vary from 4.0 to 4.4
in pure water, and from 3.5 to 4.0 at I ) 0.05 M. For pectin,
pHc values ranged from 5.9 to 4.4, such that the condition (pH
- pKa) g 2 is satisfied at I e 0.1 M.42 Conflicting values are
found for the pKa of HA: Cleland43 reported 2.8 < pKa < 3.2,
depending on I and R; a more recent report gives pKa, in I )
0.05 M, as 3.5 ( 0.1 independent of R,44 but these values are
also low enough to assume full ionization for HA over most of
the pHc range. Therefore, the condition (pH - pKa) g 2 was
satisfied at I e 0.15 M. On the other hand, the larger values of
pKa for PAA result in R at pHc ranging from 0.75 to 0.50 as I
increases from 0.01 to 0.6 M. Despite this complication of
determining the degree of charge for PAA at different condi-
Figure 3. Critical conditions for complex formation between poly-
anions of this study and BSA, expressed as the ionic strength
dependence of the net protein charge at conditions of incipient
complexation. (A) weak polyelectrolytes, (B) strong polyelectrolytes.
Figure 4. Log-log plot using data from Figure 3. (A) weak poly-
electrolytes, (B) strong polyelectrolytes. Net protein charge values
are adjusted by +10 in order to avoid negative arguments of the log.
Lines are drawn to indicate the regions used to determine the
exponent a.
Figure 5. Phase boundaries for polyelectrolyte-micelle (A) and
polyelectrolyte-protein systems (B), comparing weak and strong
polyelectrolytes of similar charge density. Values of a are 0.85 and
0.45 in A and B, respectively, for all polymers, except for a ) 0.95
for PAA in A. The curved lines are to guide the eye.
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tions, we focus in this section on PAA because resolving effects
of charge from chain stiffness for HA and pectin is even more
problematic. The range of R for PAA places its charge density
intermediate between those of PAMPS and DMF50, so its
stronger binding relative to both these quenched polyelectrolytes,
as seen in Figure 5B, must arise from charge mobility. We
determined that pHc for BSA-PAA at I ) 0.6 M was such
that R ) 0.5, so at this ionic strength, direct comparison between
PAA and DMF50 can be made. This comparison establishes
stronger binding for the annealed copolymer at fixed τ ) 0.5.
Effect of Chain Stiffness. The effect of polyelectrolyte chain
stiffness on colloid binding affinities may be evaluated by
comparing the highly flexible PAA (lpo ) 1.2 ( 0.5 nm)45 to
pectin and hyaluronic acid, HA (lpo ) 7 ( 2 nm,46,47 and 4.1 (
1 nm,48 respectively) (See Table 2). Because the charge density
(τ) of PAA here is at least twice that of pectin and HA, we
include AMPS-containing copolymers (“DMF20” or “DMF25”)
of the same (relatively low) linear charge density as pectin and
HA, i.e., average spacing between charges about 12 Å.49
The intuitive expectation that binding is diminished by
polymer chain stiffness, supported by theory26 and simula-
tions,27,53,54 is borne out by the results for micelle binding in
Figure 7A. The prefactor in eq 6b, now seen as the slope of the
Yc vs I a plots (s), increases nearly proportionally to lpo (See
Figure 7, inset), although the strong binding and low slope for
PAA could be due to either its higher charge density or to charge
mobility discussed in the previous section. Theory26 indicates
that polyelectrolyte adsorption onto spheres is promoted by a
reduction in l1, a chain stiffness parameter that is an expansion
factor for the end-to-end chain length in terms of bare Kuhn
length. In agreement with this theory, increased binding strength
is seen with a decrease in chain stiffness for three polyelectro-
lytes with similar charge densities: DMF20/25, HA, and pectin.
Binding to BSA (Figure 7B) does not entirely follow the
expected effect of chain stiffness. While the protein affinities
of the two stiff polymers are clearly diminished with respect to
the flexible ones, pectin and HA show nearly equal values of
Figure 6. Equilibrated conformations of a weak polyanion, forming a complex with an oppositely charged sphere. I ) 0.001 M, Rp ) 35.7 Å, σ
) +75 mC/m2, N ) 200 and kang ) 0.02 kBT/deg2.
Table 2. Literature Values of Polyelectrolyte Persistence Lengthsa
polyelectrolyte lpo (nm) t
PAAb 1.2 >0.5
AMPS-AAm copolymersc 1-2 variable
PAMPSd 2.4 1.0
pectine 7.0 0.25
HAf 4.1 0.25
a Unless otherwise noted, these are the bare (intrinsic) persistence
lengths, i.e., in the limit of infinite ionic strength. b At I ) 1.5 M.45 c Based
on lpo values for AAm and AMPS homopolymers.50,51 d From ref 52
e Based on extrapolation of lp vs (κ-1/d) to (κ-1/d) ) 0, where d is equal
to the polyelectrolyte charge spacing.46,47 f Obtained at I ) 0.5 M (d/κ-1
> 1).48
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Zc. BSA in the vicinity of Z ) 0 exhibits a relatively flat positive
domain (see Figure 8) that accommodates a 5-nm length of the
locally stiff polyanion HA;23 further increase in chain stiffness
does not impede binding to this protein domain. For small
spherical micelles, the effect of polymer stiffness is obviously
more important. With regard to the two flexible polyelectrolytes,
the stronger protein binding of DMF25 vs PAA was unexpected
because PAA should have both more chain flexibility and more
charge mobility than the copolymer. Repulsive forces between
the polyanion and the negative domain of the protein must be
considered, particularly at Z < 0, corresponding to pH > 5.
Here, PAA is largely ionized, attracted to the positive domain
of BSA but repelled by negative protein regions, and upward
pK shifts of PAA are not sufficient to suppress its local
ionization. It may be easier to find in DMF25 a region rich in
anionic residues, bracketed by essentially uncharged runs of
AAm, an arrangement that minimizes repulsion while retaining
attraction, thus yielding for DMF25 a higher protein affinity
than that of PAA. These statistical sequences of DMF25 may
also be a factor in its stronger binding than HA and pectin, all
three polymers having similar average charge densities. The
biosyntheses of HA and pectin are likely to yield isolated
charges, with HA and 50% esterified pectin containing one
ionizable group per disaccharide.
Effect of Sequence Distribution. In this section, we consider
low-persistence length and strong polyelectrolytes of variable
charge density and variable sequence distribution. Independent
control of the latter property is not easily accomplished, but
some control is possible through variation of reactivity ratios.
In the present case, r1 ) 1.00 and r2 ) 1.02 for polymerization
in DMF55 and r1) 0.49 and r2 ) 0.98 for polymerization in
water,56 where monomer 1 is AMPS and monomer 2 is
acrylamide. Thus, for a copolymer prepared in water, AMPS
residues tend to occur as isolated units, whereas both residues
follow random arrangement in copolymers made in DMF. A
consequence of the small value of r1 for polymerization in water
is composition drift, yielding highly heterogeneous (albeit
interesting) polymers at high conversion, so we focus on low-
conversion material. This sample, labeled H2O38, is the product
of aqueous copolymerization from an equimolar monomer feed
ratio at 10% conversion and was found to contain 38 mol %
AMPS.
Because there are few similarities between the relative
affinities of the different polyelectrolytes in the case of micelles
vis-a`-vis proteins, we consider the two colloids separately.
Equation 1 (derived decades ago in the absence of any consensus
on the length or presence of the loops) indicates that the
dependence of σc on I a (i.e., the slopes of Figure 9A) should
vary inversely with τ, and this is observed for the micelle
binding of three polymers synthesized in DMF (DMF20,
DMF50, and PAMPS). On the other hand, two features of Figure
9A are inconsistent with eq 6a. First, the curves for higher-
AMPS-containing polyelectrolytes (PAMPS and DMF50) do
not extrapolate to Yc ) 0 at zero salt. This observation indicates
the presence of some effect that opposes a monotonic increase
in polyelectrolyte-micelle attraction with decreasing I. A
number of simulations53,57,58 have suggested the existence of
loops in the bound polymer state, as shown for example, in
Figure 6I and J for a quenched polyelectrolyte.
While the overall energy of complex formation is favorable,
we may consider a hypothetical first step in which the
polyelectrolyte (absent the micelle) attains its bound state
configuration, an unfavorable process that becomes more so with
increasing τ and decreasing I. Introducing the micelle into this
system provides the stabilizing force, varying directly with τ
and inversely with I. We can thus describe the two aspects that
stabilize binding as “loop compliance” and “micelle affinity”.
Loop compliance decreases with τ and increases with I, while
micelle affinity increases with τ and decreases with I. Maximum
binding would occur with a polyelectrolyte that could form low
Figure 7. Phase boundaries for weak polyelectrolytes binding to
cationic mixed micelles (A) and BSA (B). DMF20 and DMF25 are
strong polyelectrolytes with charge densities comparable to the rigid
weak polyelectrolytes pectin and HA. Values of a as given for Figure
5. Inset: dependence of the slope of the lines in A, s, on lpo, symbols
as in Figure 7A with (1) representing all AMPS-containing copolymers.
Figure 8. Human serum albumin (HSA) with hyaluronic acid (HA)
(shown in green) superimposed on its binding site.23
Figure 9. Critical conditions for complex formation between strong,
flexible chain polyelectrolytes and (A) cationic micelles or (B) BSA.
The value of a for all polyelectrolytes binding to DTAB/TX-100 is 0.85;
for protein binding, a is 0.45.
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τeff loops and high τeff trains; all the copolyelectrolytes contain
sequences that, to different degrees, approximate this arrange-
ment. At low salt, where the Debye length κ-1 is 30 Å, the
loop compliance effect is dominant; hence the larger binding
(compared to PAMPS or DMF50) for DMF20, which provides
long runs of AAm. At high salt, the attractive force, of necessity
more short-range than the repulsive one, becomes more
important. This also explains the intermediate position of
PAMPS (between DMF copolymers) at low salt (I < 0.2 M),
as it provides less loop compliance but more short-range micelle
affinity. When repulsions are screened above I ) 0.36 M, where
κ-1 is on the order of 5Å, PAMPS shows the strongest binding.
This distance is also consistent with earlier estimates of the
average distance between the micelle surface and a train of
adsorbed polyion segments.15,59 This separation of loop forma-
tion and micelle binding is not rigorous, but whatever merits it
displays suggest that it be included in refinements of eq 1.
The second inconsistency with eq 6a is more problematic.
The order of binding affinity is H2O38 > PAMPS > DMF20
> DMF50, i.e., no simple correlation with average charge
density. This also disagrees with results for similar polyanions
binding to N,N-dimethyldodecylamine oxide (DMDAO) spheri-
cal micelles, reported by Feng et al.,13 who obtained DMF25
< DMF50 ≈ PAMPS. Binding to DMDAO micelles occurs at
cationic surfactant mole fractions much lower than those found
here for DTAB/TX-100, presumably because DTAB headgroups
here are “buried” by TX-100.60 Bound polyelectrolyte segments
in the current case reside further from the mean locus of charged
surfactant headgroups, but the influence of this on the binding
order is not evident at present.
Critical conditions for complex formation with proteins,
shown in Figure 9B, differ in several ways from those for
micelles. The prominent features are (1) the strong binding by
DMF25, (2) the near convergence of phase boundaries for the
other polymers, DMF50 displaying a small but significant
enhancement of binding relative to PAMPS or H2O38, (3) the
remarkable linearity of the data for PAMPS and DMF50 at I <
0.36 M (very nearly a linear dependence of Zc on the square
root of ionic strength), and (4) the rather abrupt increase in slope
at higher salt.
Protein affinity in the range 0.06 < I < 0.3 M, where Zc <
0, increases in the order PAMPS ≈ H2O38 < DMF50 ,
DMF25. In contrast with the result for micelles, one observes
for polymers synthesized in DMF an inverse relationship
between the average polyelectrolyte linear charge density and
protein binding. This higher level of complexity arises from
the role of polyelectrolyte charge sequence distribution in protein
binding. The optimal linear arrangements of polyelectrolyte
charges are those that maximize attraction with the positive
protein domain (“patch”) yet minimize repulsion with the
surrounding negative protein domain. DMF25, in particular,
contains AMPS runs long enough29 to bind the positive protein
domain, and these sequences statistically are readily bracketed
Figure 10. Electrostatic modeling of BSA under conditions of incipient binding with DMF25. The corresponding phase boundary points in
Figure 9B are: A: pH ) 6.8, I ) 0.10, Z ) -6.9; B: pH ) 6.6, I ) 0.15, Z ) -5.0; C: pH ) 6.3, I ) 0.25, Z ) -2.9. All images represent the
same view. Potential surfaces: red ) -0.1 kT/e and blue ) 0.1 kT/e.
1032 Biomacromolecules, Vol. 7, No. 4, 2006 Cooper et al.
140
by runs of AAm that minimize repulsion from the negative
protein domain.
In an attempt to rationalize the strongest binding of DMF25,
electrostatic potential models of BSA were created at points
corresponding to the onset of binding along the DMF25 phase
boundary (see Figure 9B). In so doing, we sought to identify
possible binding sites for DMF25 on the protein at the critical
binding conditions. The criteria established for identifying the
electrostatic binding site of a protein were previously put
forward23 as follows: (1) the binding site location and size must
be the same at all critical binding conditions along the phase
boundary, (2) the binding domain must become appropriately
larger or smaller upon pH adjustment, and (3) the mean potential
ψ on or within the binding domain should satisfy the relationship
zψ ≈ kT (i.e., close to thermal energy), where z is the number
of polyelectrolyte charges binding cooperatively. For our
purposes, we focus on the first two of these criteria. Figures 10
A-C, corresponding to pH and I conditions at which DMF25
binds but the other polymers do not, show a small positive
potential domain extending from the protein surface. Because
the onset of binding is controlled by those sequences of polymers
that are best suited to complex formation, we visualize a DMF25
sequence in which a run of AMPS units is bracketed by AAm-
rich runs that minimize repulsion from the nearby negative
protein domains. From Figure 10, we estimate the size of the
positive protein domain to be ca. 2 nm. This domain can
accommodate a sequence of approximately 7 AMPS units. The
weaker binding of DMF50 indicates that the presence of such
uncharged bracketing sequences is more important than the
availability of longer runs of AMPS, and the even weaker
binding of PAMPS confirms the importance of these repulsive
effects. In fact, parts A-D of Figure 11, protein electrostatic
potential models created at critical binding conditions for
PAMPS, illustrate the need for a region of high positive potential
of sufficient size so that bound PAMPS can avoid repulsion
with nearby negative protein domains.
Examination of the data for DMF50 and PAMPS at I < 0.36
M in Figure 9B shows a remarkably linear dependence for the
critical protein net charge. This result at first suggests that
polyelectrolyte binding is controlled by the net protein charge.
However, the continuity of phase boundaries through Zc ) 0
along with polyelectrolyte binding “on the wrong side of” pI
(pH > pI) indicate that binding must instead be controlled by
a local “patch” charge that may be opposite in sign to Z. To
explain this, BSA was modeled at critical conditions along the
PAMPS phase boundary, with the results shown in Figure 11A-
D. These models show a 4-nm positive potential domain
(“patch”) extending from the protein surface that is twice as
Figure 11. Electrostatic modeling of BSA under conditions of incipient complexation with PAMPS. The corresponding phase boundary points
in Figure 9B are: A: pH ) 6.2, I ) 0.05, Z ) -3.1; B: pH ) 5.6, I ) 0.20, Z ) 2.4; C: pH ) 4.8, I ) 0.50, Z ) 10.2; D: pH ) 4.55, I ) 0.60,
Z ) 14.9. All images represent the same view. Potential surfaces: red ) -0.1 kT/e and blue ) 0.1 kT/e.
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large as the potential domain observed at conditions corre-
sponding to the onset of DMF25 binding. A similar positive
binding domain was observed at all boundary conditions for I
< 360 mM; i.e., when positive charges are added to the protein
in this ionic strength regime, corresponding to -6 < Zc < +4,
the patch becomes larger in size but retains the same geometry.
In other words, all charges added to the protein in this range
are added to the same positive patch, so the patch charge varies
linearly with the net protein charge (Znet ) Zlocal + constant).
This leads to the linear dependence of Zc on I at I < 0.36 M.
Data for all polymers depart from this initial linear region and
a second linear region, of steeper slope, is observed at I > 0.36
M. Moving from the low I regime to the high I regime (from
Figure 11A and B, to C and D), we observe a striking difference
in the protein charge distribution from a single, yet prominent,
patch at low I, to a more heterogeneous charge distribution at
high I. In this second regime, charges are added to the protein
at sites outside of the polymer-binding domain identified at low
I. These charges enhance the binding less than those that are
concentrated in one region. As a result, we observe a decrease
in the amount of additional salt required to desorb bound
polyelectrolyte upon an incremental increase in Z. This results
in an increase in the slope of Figure 9B, which changes by a
factor of 2 between high and low salt regimes.
Characterization of Soluble Complexes. Structural informa-
tion about the complexes of DMF20 and PAMPS with BSA
may be derived from results from DLS measurements. Figure
12 shows the pH dependence of (A) mean hydrodynamic radii,
(B) count rate, and (C) turbidity in 10 mM NaCl for solutions
containing 1.25 g/L of BSA and 0.25 g/L of polymer. All three
plots show a region “I” of no interaction at high pH (>pHc) in
which no pH dependence is seen, a region “III” in which
scattering and apparent size increase rapidly (pH < pHφ),
signaling phase separation, and an intermediate region “II” (pHφ
< pH < pHc) of soluble complexes. The values of pHc for
PAMPS and DMF20 are 6.7 and 7.4, respectively; the corre-
sponding values for pHφ are 5.1 and 5.3, respectively.
At pH > pHc (region I), the turbidity and the size are nearly
constant with respect to pH, indicating that no interaction exists
between polyelectrolytes and BSA. The concentration and
refractive index increment of the polyelectrolytes are both low
relative to BSA, and the small values of RSapp arise mainly from
protein scattering. In this region, Coulombic repulsion between
negatively charged protein and negatively charged polyelectro-
lytes prohibits complex formation. The formation of soluble
complexes at pHφ < pH < pHc (region II) is indicated by an
increase in the turbidity, the size (RS), and the average count
rate, but these increases, which are gradual for DMF20, exhibit
plateaus centered around pH 6 for PAMPS. The region of
soluble complexation (II) is greater for DMF20 than for PAMPS.
For the fully charged PAMPS, repulsive effects may limit the
number of proteins bound per polymer chain (n). At pH ≈ 5,
complexes approach electrical neutrality and higher-order ag-
gregation commences, leading to phase separation. DMF20, in
contrast to PAMPS, where all protein-binding sites are similar,
can contain a heterogeneous and essentially limitless variety of
protein-binding sites of different protein affinities, all of which
are characterized by an AMPS-rich sequence bracketed by an
AMPS-poor sequence. Thus, progressive binding of protein is
continuous with decreasing pH. This heterogeneity blurs the
transition from region II to region III for the copolymer.
Conclusions
The binding affinity of anionic polyelectrolytes for a protein
(BSA) or for an oppositely charged micelle is strongly influ-
enced by three polyelectrolyte structural parameters: chain
flexibility, charge mobility, and charge density. In general, the
first two promote binding, as observed by an expansion of the
range of solution conditions (e.g., pH and ionic strength I) in
which complex formation occurs. The influence of polymer
charge density is more complex and depends on colloid charge
heterogeneity, the conformation of the adsorbed polymer, and
I. Comparisons among different polyanions are facilitated by
expressing the conditions for complexation as σ ) KI a, where
the experimental analogue of the surface charge density σ is
the net charge of the protein or the mole fraction of ionic
surfactant of the micelle. The value of a is near 0.5 for BSA
and near unity for micelles. More subtle effects seen for protein
binding were attributed to charge heterogeneity, which intro-
duces repulsive forces between polyanions and protein negative
domains, and also alters the nature of the polyanion-binding
site. However, the surprising consistency of this site over a wide
range of I gives rise to linearity between I and the net protein
charge at the onset of binding. Repulsive effects for micelle
binding, on the other hand, appear to arise from intrapolymer
interactions within bound loops. Charge complementarity may
play a special role in protein binding, with the surprising
consequence of high protein affinity for a copolymer with a
low content of ionic residues.
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Abstract
Various models of the complex formation between polyelectrolyte chains and oppositely charged macroions are reviewed. In recent years, a
great deal of knowledge of the multitude of possible polyelectrolyte conformations at the macroion surface has been accumulated, which
consequently has led to increasing interest in using such complexes in the design of nanomaterials. This review focuses on key studies relating to
the effects of various physico-chemical parameters on complex formation and areas for future research are identified.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction
Bulk interactions between large polyelectrolyte chains (PEs) and
oppositely charged macroions such as inorganic particles, micelles,
globular proteins, macroions, are of great importance for many
industrial processes such as water treatment as flocculant/water
insolublemixtures, powder processing as dispersion agents, or food
technology as rheology modifiers. Many biomacromolecules, such
as DNA, are also polyelectrolytes and the formation of complexes
with proteins or membranes, for example, are expected to play
critical roles in biological regulation processes with applications in
therapeutic delivery systems. In addition the formation of
complexes between PEs and macroions to the formation of
building blocks is expected to find important applications in
nanoscience. Owing to the practical and economical aspects for the
rational use of PE/macroion mixtures, as well as the theoretical
interest of such systems in soft condensed matter science,
nanochemistry, biology and medicine, a better understanding of
the key factors controlling the complexation between macroions
and oppositely charged macromolecules is therefore important.
It should be noted here that for PE complexation we have to
make distinction between strong and weak polyelectrolytes since
adsorption of weak polyelectrolytes on surfaces is a more com-
plicated process owing to the fact that the linear surface charge
density of the PE is strongly influenced by the charge connectivity
along the chain, the pH of the solution, the solution ionic
concentration and presence of an oppositely charged surfacewhich
is expected to influence the PE degree of dissociation.
This review focuses on research relating to the formation and
structure of PEs and oppositely charged macroions complexes,
based on the principle of electrostatic complexation, at the
experimental, theoretical and computational level. In particular
we focus on computer simulations since they allow treatments
of polyelectrolyte adsorption on flat or curved macroion
surfaces over a large range of parameters and in some situations
fill the gap between existing theories and experiments.
2. Experimental investigations
A series of studies from Dubin illustrated the transition-like
behaviour of the binding of polyelectrolytes to oppositely charged
spherical macroions such as micelles, dendrimers and globular
proteins [1–5]. The binding affinity of PEswas found to be strongly
influenced by chain flexibility, charge mobility, and charge density
on the macroion [6]. In particular it was shown that the critical
surface charge density on the macroion required to bind the PE
becomes greater at higher salt concentrations. Similarly, stiffer
polymer chains were found harder to bind than the more flexible
ones. More subtle effects seen for protein binding [7] were
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attributed to charge heterogeneity, which introduces repulsive
forces between polyanions and protein negative domains and also
alters the nature of the polyanion-binding site. Complexes involving
polyelectrolyte-neutral block copolymers and oppositely charged
micelles were recently investigated by Berret [8–12]. The structure
of such complexeswas elucidated by small-angle neutron scattering
and it was found that these complexes exhibit a core-shell
microstructure, where the core is a dense coacervate microphase
of micelles surrounded by neutral blocks. With these results, they
showed that the formation of the colloidal complex was in
agreement with overcharging predictions i.e. the amount of PE
needed to build the core-shell colloids always exceed the number
that would be necessary to compensate the charge of the micelles.
Controlled clustering of superparamagnetic macroions using such
block copolymers was successfully explored for the design of new
contrast agent for magnetic resonance imaging. Ilekti and cow-
orkers [13] presented experimental results on the effects of PEs on
surfactant aggregates bymeans of small-angleX-ray scattering. The
authors considered a mixture of sodium polyacrylate and dilute
micellar solutions of cetyltrimethylammonium bromide.When PEs
were added to the dilute micellar solution, the micelles were stick
together by polyion bridges in a concentrated phase.
3. Theoretical modeling
Boroudjerdi and Netz [14] reviewed the problem of complex
formation by explicitly presenting the adsorption behavior of
polyelectrolytes on macroions of different geometries. The
relevance of salt, which modulates the electrostatic interactions
between PEs and macroions was discussed by considering
parameters appropriate for DNA–histone complexes which are
the basic building blocks of the nucleosomal genetic structure.
Both experiments and analytical theory demonstrated that the
complex was only stable for intermediate salt concentration. For
low salt concentration, difficulties to charge the polyelectrolyte
due to strong charged monomers repulsions were found, that is
detrimental to the full polyelectrolyte complexation at the surface
of the macroion. For high salt screening, despite the fact that chain
ionization is usually promoted, attraction forces between
polyelectrolyte and macroion are strongly reduced and thus, is
now detrimental to the formation of compact complexes.
Analytical models also demonstrate that a multitude of structures
ranging from tight complexes with the chain more or less
regularly wrapped around the macroion, to open multileafed
rosette like complexes can be achieved. Netz and Joanny [15]
provided a full complexation phase diagram for a stiff PE in
presence of an oppositely charged sphere, whereas Schiessel [16]
provided scaling theories for the charged rosettes formation for the
limits of high and low ionic concentrations, presented a full phase
diagram as a function of the PE contour length and investigated
the influence of the PE persistence length. Rosette structures were
found quite robust against changes in the ionic strength.
Hence, an important feature in complex formation is the chain
stiffness of PE which includes both chain stiffening due to
electrostatic monomer/monomer repulsions and flexibility of the
underlying chain backbone which is controlled by the local PE
chemical structure. Manning [17] (as well as Dubin from an
experimental point of view) clearly demonstrated that stiffer PEs are
harder to bind thanmore flexible ones. For a given PE, the curvature
of themacroion imposes stability limits on the bound state since it is
harder to bind to a smaller macroion than to a larger one. An
interesting situation dealingwith the complexation of a long flexible
PE was investigated by Nguyen and Shklovskii [18]. They
demonstrated that PE binds the small macroions winding around
them, while they repel each other and form almost periodic
necklace. The effect of charge inversion on the complex structure
was investigated in details as well as the influence of screening by
monovalent salt. It was found that near the isoelectric point where
total charges of macroions and PE are equal, necklaces condense
into macroscopic bundles.
If electrostatic repulsions between charges on neighbouring
monomers tend to decrease the effective charge of the PE, the
situation is more complicated close to an interface with a subtract
of low and high dielectric constant, since here the charge on each
monomer is interacting with its neighbours but also with its own
image charges and the image charges of all neighbours. Netz [19]
investigated this phenomenon and found that at low-dielectric-
constant substrates, one find a further charge decrease and
repulsion from the interface, while at high-dielectric-constant
substrates, the effective charge increases and the PE is attracted to
the interface. He also investigated the interaction between two
complexes, which gives rise to configurational changes of two
complexes as they approach each other [20]. Recently, analytical
solutions for quantities such as the critical adsorption radius and
critical surface charge density were provided by Winkler and
Cherstvy [21] in good agreement with computer simulations.
4. Simulations
There is nowadays a considerable amount of available
contributions investigating the PE/macroion complexation by
Table 1
Equilibrated conformations of fully ionized PE/macroion complexes at ionic
concentration Ci=0.001 M
Macroion is characterized by a surface charge density equal to +100 mC/m2 and
a radius of 35.7 Å. Various polymer lengths N and chain stiffness kang (in kBT/
deg2 units— the bending energy is given by Ebnd¼ PNi¼2kangðhi  h0Þ2 where θi
represents the angle formed by the vectors consecutive monomers ri−1− ri and
ri+1− ri and θ0=180°). Solenoid, tennis ball, tail and rosette conformations are
achieved. Rosette conformations are characterized by extended loops whose
size is decreasing with the increase of the PE flexibility.
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means of Monte Carlo [22–30•31–34•35–39], or Molecular
Dynamic [40,41] simulations. Considering one PE and one or
several macroions, the effects on complexation of parameters
such as the chain stiffness, chain length, ionic concentration,
particle size and surface charge density just to quote a few were
systematically investigated by Linse's group [27–32] and Stoll's
group [24–26,33–36]. The effect of chain stiffness of a strong PE
were first studied by Wallin and Linse [22] and then further
investigated by Stoll and Chodanowski [26] and Akinchina and
Linse [27]. Wallin and Linse [22] showed that PE adsorption
decreases with the stiffness of the chain. Stoll and Chodanowski
[26] showed that by increasing the chain stiffness, solenoid
conformations could be obtained. They also investigated the
effect of added salt on the formation of complexes between a
flexible, semiflexible, and rigid PE and an oppositely charged
spherical macroion and the adsorption/desorption transition.
According to these studies [22,26,27,36], a range of macromo-
lecular structures such as tennis ball, solenoid, and multiloop or
rosette were obtained (see Table 1).
Using numerical simulations, Kunze and Netz [42,43] also
investigated the case of complexation of a semi flexible PE and an
oppositely charged sphere. To answer the question of the
agreement between simulations and experimental predictions,
their parameters were adjusted to mimic the DNA/histone
complex, and their results were in line with the expected trends.
The effects of chain length were systematically investigated by
Wallin and Linse [23]. For a high ratio of chain length upon
macroion diameter, Stoll and coworkers [24,25,34,36] found that
only a few number of monomers is adsorbed to the macroion,
forming an extended tails in solution (Fig. 1). Carlsson [44] and de
Vries [45] considered the effect of the discrete nature of the
protein charge distribution on lysozyme/PE complexation.
Simulations were performed with different protein charge
distribution corresponding to solutions at different pH. It was
concluded that a protein model with a discrete charge distribution
gave rise to more amount of adsorbed monomers because of the
spatial charge–charge correlations.
It should be noted here that most of the computer simulations
of PE complexation considered strong polyelectrolytes, although
titrating or weak polyelectrolytes, which are an important class of
PEs, weremainly studied by computer simulations for the isolated
case [46–48]. The complex formation between macroions and a
weak anionic PE was recently systematically investigated [34–
36] pointing out the importance of several competing effects on
the PE–macroion complex structure and the influence of the
macroion(s) on the PE titration curve as shown in Fig. 2. The
adsorption/desorption limit and number of monomer in contact
with the macroion surface was found to depend on ionic
concentration, macroion surface charge density and solution pH
as presented in Fig. 1. Then it was demonstrated that i) attractive
interactions between the charged PEmonomers and the macroion
can profoundly affect the acid/base properties of a PE by
promoting chain ionization (Fig. 2), ii) the ionic concentration
decreases the attractive interaction between the PE and macroion
but promotes PE ionization degree, and iii) chain stiffness pro-
motes PE expansion and ionization but penalizes PE adsorption at
the macroion surface. Once again it was found that the best
conditions for the formation of strong complexes were achieved
in the intermediate ionic concentration regime. Simulations also
demonstrated that due to charge mobility, charges accumulate at
themacroion surface suggesting that annealed PEs are expected to
bind more strongly than quenched PEs of equivalent charge
density in good agreement with experimental findings [6]. The
influence of image forces on PE adsorption onto an oppositely
charged surface was investigated by Messina and it was
Fig. 1. Weak PE/macroion complex conformations considering a weak anionic
polyelectrolyte (160 monomers of radius=3.57 Å´) and an oppositely charged
nanoparticle (radius=35.7 Å). All pairs of charged monomers and nanoparticle
interact with each other via a screened Debye–Hückel potential. The adsorption/
desorption limit, conformation and number of monomer in trains depend on
ionic concentration, macroion surface charge density and pH of the solution.
Fig. 2. Titration curves of a weak flexible isolated polymeric acid (160 monomers
of radius=3.57 Å´) at various ionic concentrations (▪●▴). Differences between the
acid/base properties of the chain and the corresponding ideal solution of monomer
increases continuously with the PE degree of ionization. By adding an oppositely
charged nanoparticle NP (radius=35.7 Å), the resulting complex formation
significantly changes the acid/base properties of PE chain (□○▵).
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demonstrated that a dielectric discontinuity reduces the degree of
PE adsorption and reduces charge inversion of the substrate [39].
They also largely contributed to the study of PE multilayering by
means of numerical simulations [37,38] which constitutes an
important area for the development of nanocapsule technology
based on layer-by-layer self-assembly.
5. Conclusions
Avast amount of scientific information on the formation of PE/
macroion complexes has now become available during the last
years. Most of the possible structures have been theoretically and
numerically identified and characterized, and significant advances
have being made in understanding the role of the electrostatic
attractive and repulsive interactions between PEs and macroions.
Probably amore refined description of themacroions is still needed
to account for surface charge heterogeneities, charge regulation
processes, and different macroion geometries. Experimental,
theoretical and simulation studies should now move to the
investigation of the aggregate formation between such complexes
or their interactions with biological membranes. The formation of
core-shell polymer capsules by alternate adsorption of oppositely
charged polyelectrolyte layers is also expected to represent an area
for future research. Since the main driving force for all these
processes is of electrostatic originmore refine interaction potentials
could be used so as to take into account hydrophobic interactions as
well as the role of hydrogen bonding which is expected to play a
key role if one is interested in vivo phenomena.
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Chapter VI 
Complex Formation between a 
Polyelectrolyte and Several 
Nanoparticles 
 
 
 
 
 
  
The main purpose of Paper VI is to extend the investigations to systems involving several 
nanoparticles. A subtle balance between monomer/nanoparticle attractive interactions and 
repulsions due to monomer/monomer and nanoparticle/nanoparticle interactions is expected to 
control the total number of adsorbed nanoparticles, chain conformation and the nanoparticle 
distribution along the polyelectrolyte backbone. The situation is more complicated when 
charge mobility, pH and ionic concentration variations are considered. A fully charged rod-
like polyelectrolyte with several nanoparticles is first investigated to cancel the contribution 
of the polyelectrolyte conformational change.  
Hence, two models are considered: i) a rod-like; and ii) a flexible polyelectrolyte. The 
comparison of the two limit models provides a good representation of the stiffness influence 
on the complex formation. Owing to the multiplicity of conformations and possible collapsed 
structure formation when more than one nanoparticle are adsorbed onto a flexible or semi-
flexible polyelectrolyte chain, leading in some conditions to non-reproducible results. Hence, 
in such conditions, the simulated annealing method is considered. 
 
 
a) 
 
 
 
 
 
 
 
 
 
b) 
Figure VI.1. Fully charged a) flexible polyelectrolyte in presence of several nanoparticles. 
Details of simulations parameters are available in Table A.VI.1 (see Appendix). In such 
conditions, three nanoparticles are adsorbed. When b) rod-like polyelectrolyte is considered, 
with same simulation parameters, six nanoparticles are adsorbed. The comparison of the two 
limit models provides a good representation of the stiffness influence on the complex 
formation.  
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Nanoparticle Adsorption on a Weak Polyelectrolyte. Stiffness, pH, Charge Mobility, and
Ionic Concentration Effects Investigated by Monte Carlo Simulations
Serge Ulrich, Marianne Seijo, Abohachem Laguecir, and Serge Stoll*
Department of Inorganic, Analytical and Applied Chemistry, UniVersity of GeneVa, Sciences II,
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Monte Carlo simulations have been used to study two different models for a weak linear polyelectrolyte in
the presence of nanoparticles: (i) a rodlike and (ii) a flexible polyelectrolytes. The use of simulated annealing
has made it possible to simulate a polyelectrolyte chain in the presence of several nanoparticles by improving
conformation sampling and avoiding multiple minima problems when dense conformations are produced.
Nanoparticle distributions along the polymer backbone were analyzed versus the ionic concentration,
polyelectrolyte stiffness, and nanoparticle surface charge. Titration curves were calculated and the influences
of the ionic concentration, solution pH, and number of adsorbed nanoparticles on the acid/base polyelectrolyte
properties have been systematically investigated. The subtle balance of attractive and repulsive interactions
has been discussed, and some characteristic conformations are presented. The comparison of the two limit
models provides a good representation of the stiffness influence on the complex formation. In some conditions,
overcharging was obtained and presented with respect to both the polyelectrolyte and nanoparticle as the
central element. Finally, the charge mobility influence along the polyelectrolyte backbone was investigated
by considering annealed and quenched polyelectrolyte chains.
I. Introduction
The term polyelectrolyte (PE) denotes generally charged
macromolecules carrying acidic or basic monomers.1,2 Under
appropriate conditions, monomers dissociate and positively or
negatively charges are created along the chain. The PE is defined
as strong when the charge distribution along the PE only
depends on its initial chemistry and remains fixed over a wide
range of solution pH, whereas it is defined as weak when the
charge distribution is sensible to pH variations. Hence in the
case of weak PEs, conformational changes are depending on
parameters such as ionic concentration, solution pH, and PE
concentration.
Several theories and experiences have been proposed to
explain the potentiometric titration of weak PEs in aqueous
solutions.3-10 The dissociation of an isolated acid monomer
(HA) in an aqueous medium is given by HA h H+ + A+.
According to the mass action law, the equilibrium constant is
where [H+], [A-], and [HA] are the concentrations of dissociated
hydrogen and dissociated and undissociated acid, respectively.
The degree of ionization R is then defined by
In agreement with experimental observations, the continuous
increase of the apparent pK of a polymeric acid with increasing
R is usually observed. This effect is due to the increasing
difficulty to remove protons with the increase of R because of
the increasing of electrostatic repulsions between the charged
monomers. Thus, one can define
as the shift between the apparent negative logarithm of the
dissociation constant and the negative logarithm of the dis-
sociation constant of an ideal monomer solution, pK0, in absence
of electrostatic interactions.
PE complexation with nanoparticles (NPs) is located at the
interface of several disciplines and represents an important issue
because of key applications in drug delivery device,11,12
nanotoxicology,13-15 and water treatment.16-18 In particular,
magnetic NPs are nowadays attracting much interest as a
labeling material in the fields of medical applications as
biologically active systems and magnetic resonance imaging just
to quote a few.19 The surface modification of NPs by macro-
molecules such as ligands and polymers is also important for
their functionalization to reach a target or to deliver a drug to
a specific location and to increase the residence time of the NPs
in body fluids.20 In water treatment, flocculation acts as one of
the key physicochemical regulation processes of trace com-
pounds. Floc formation is expected to occur between mineral
NPs and natural polymers and are eliminated from the water
column by sedimentation.21 The ability of natural or synthetic
PEs to adsorb and adhere to the NP surface and also the final
conformation of the complex are expected to control the
structure/activity relationship in drug design and stabilization/
destabilization of PE and NP mixtures.
Complexation depends on factors such as pH, ionic concen-
tration, and mixing ratio, in addition to intrinsic factors related
* To whom correspondence should be addressed. E-mail:
serge.stoll@cabe.unige.ch.
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to the chemical composition of the species, chain stiffness, and
relative sizes of PEs and NPs. In two different papers,22,23 Dubin
and co-workers reviewed recent developments and foundations
in the general subject of protein/PE complexes and investigated
experimentally the complexation of PEs to oppositely charged
dendrimers24-29 or proteins.30-32 They pointed out the impor-
tance of the surface charge density in controlling the adsorption/
desorption limits which were found proportional to the inverse
Debye screening length.
Berret and co-workers investigated the complexation between
PEs and ionic surfactant micelles and inorganic oxide NPs. They
considered both linear and comb architectures, designed novel
core-shell nanostructures, and confirmed that their formation
was electrostatic self-assembled.20,33 They also produced cerium
NPs irreversibly coated with poly(acrylic acid) chains by a
precipitation/redispersion process.34 The complexes were stable
over a wide range of pH and concentration.
Ilekti and co-workers35 presented experimental results on the
effects of PEs on surfactant aggregates by means of small-angle
X-ray scattering. The authors considered a mixture of sodium
polyacrylate and dilute micellar solution of cetyltrimethylam-
monium bromide. When PEs were added to the dilute micellar
solution, the micelles were stuck together by polyion bridges
in a concentrated phase.
PE/NP complexes have motivated a great amount of analytical
approaches.36-45 Von Goeler and Muthukumar36 investigated
theoretically the influence of PE charge density on adsorption
processes at spherical and cylindrical surfaces. They shown that
complexation largely depends on ionic concentration and
temperature. A critical temperature Tc was considered and found
to depend on parameters such as the molecular weight of the
polymer, the ionic concentration, and surface curvature. When
T > Tc, complexation was not observed, whereas the PE was
fully adsorbed when T < Tc. Also considering planar or spherical
surfaces, Muthukumar established the critical conditions neces-
sary for adsorption of uniformly charged PE as well as the
kinetics of the adsorption process.37
Netz and Joanny theoretically provided a full complexation
phase diagram for a semiflexible PE in the presence of an
oppositely charged sphere.42,43 They demonstrated that for
intermediate salt concentration and high sphere charge, a
strongly bound complex, where the PE completely wraps around
the sphere, is obtained. On the other hand, the low salt regime
was dominated by monomer/monomer repulsions leading to a
conformation where some monomers are distributed in tails. In
the high salt regime, the authors suggested that the polymer
partially wraps the sphere. More recently, Boroudjerdi and Netz
reviewed the complexation of a semiflexible PE with an
oppositely charged particle using parameters fitting the DNA/
histone system.46 To understand the properties of complexes in
solution, the interactions between two complexes were consid-
ered. The authors presented the corresponding phase diagram
as a function of the separation distance of the two complexes
and the inverse Debye screening length κ: They distinguished
a phase where both complexes present the same structure
(symmetric phase) from an other phase (asymmetric phase)
where the complexes exhibit different structures because mutual
interactions. The asymmetric phase had several conformations,
and as a result, a third phase was also put in evidence where
one of the two chains was simultaneously adsorbed on both
spheres (bridging phase).
Recently, the binding affinity of PEs for both the bovine
serum albumin protein and an oppositely charged micelle was
experimentally investigated.47 Here, computer simulations were
used with the goal of interpreting experimental data and
clarifying the importance of charge mobility and charge density
on the complexation. Since computer simulations represent a
successful tool to support both theory and experiments, a wide
number of simulations reported in the literature have focused
on the complexation of one strong PE with one NP48-53 or
several NPs.39,54-56 Complexation between a strong PE and
many spherical NPs were studied with a primitive model by
means of Monte Carlo (MC) simulations by Skepo¨ and
Linse.54-56 The authors considered different systems with
combinations of two chain lengths (Nm ) 20 or 40) and two
different NPs charges (Znp ) -10e or -20e). Among others,
Skepo¨ and Linse investigated the dissolution of a PE/NPs
complex by addition of salt.56
Stoll and co-workers used MC simulations to study the
interactions between a charged micelle and a flexible chain57
according to a well-defined experimental system initially
investigated by Dubin and co-workers.27 The authors demon-
strated that the complexation process leads to a multitude of
possible structures ranging from collapsed to tangent conforma-
tions. The adsorption/desorption limits found by MC simulations
with respect to the charge density of the micelle and the salt
concentration were in good agreement with the experimental
data.27 The effects of the micelle concentration were also
investigated, and it was found that the adsorption limit is moved
to higher ionic strengths for the more concentrated systems.
Suspecting the importance of solution pH and PE acid/base
properties, in previous contributions,8,9 we investigated the
complex formation between a weak PE and one spherical
oppositely charged NP using a Monte Carlo approach. Titration
curves clearly demonstrated that the acid/base properties of the
PE were largely depending on the NP surface charge density σ
and ionic concentration Ci. Considering intrinsic flexible chains,8
fully charged PEs totally wrap around the NP or partially wrap
around the NP with a large tail in solution. An increase of the
possible conformations such as “U”, solenoid, or rosette
conformations was observed with semiflexible chains at different
ionic concentrations.9 We also pointed out that if chain stiffness
promotes PE expansion and ionization, it penalizes PE adsorp-
tion at the NP surface owing to the decrease of the number of
monomers in trains, i.e., directly in contact with the NP surface.
Complexation of a charged spherical NP by an oppositely
charged PE can, in some conditions, induce charge inversion.
This effect termed as oVercharging has attracted significant
attention and has been investigated by analytical models.
Mateescu and co-workers found using simulations that the
overcharging is promoted with increasing the size of the NPs38
whereas Nguyen and Shklovskii predicted an increase of charge
inversion with the increase of the ionic concentration and NP
size.41
The main purpose of the present study is to extend the model
to systems involving several NPs and by considering an
oppositely charged weak PE. We particularly focus on the
dissolution of complexes formed by PE and NPs by adjusting
of the solution pH and ionic concentration. For the sake of
clarity, two models are introduced (Figure 1): (i) a rodlike
(model 1) and (ii) a flexible PE (model 2). Both synthetic and
biomacromolecules can exhibit rodlike PE conformations, for
example, poly(p-phenylene) (PPP) owing to the linear config-
uration of the phenylene repeat units58 and rigid biopolymers
released from plankton as exudates or cell wall components
(such as succinoglycan) which are found in aquatic systems.59
Stiffness influence follows from comparisons of these two
models.
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The paper is organized as follows: first, Monte Carlo
procedures and models are presented. When flexible or semi-
flexible PE is considered, the use of simulated annealing to
improve the conformational sampling is discussed. Then the
roles of ionic concentration and NP surface charge densities
are systematically investigated in both models and chain
conformations are characterized. Special attention is given to
the overcharging phenomenon during titration with the perspec-
tive of under- and overcharging situations depending on the
entity under consideration.
II. Models
One linear PE is simulated with the assumption of a very
dilute solution. The PE chain is represented as Nm jointed hard
spheres to take into account the excluded volume effect. The
number of monomers is set to Nm ) 200. To avoid the domain
of the Manning counterion condensation,60 each sphere is
considered to be a physical monomer of radius Rm ) lB/2 )
3.57 Å, where lB represents the Bjerrum length at 298 K. Each
monomer is a titrating site that can either carry a charge zm )
-1 on its center or be uncharged. As previously discussed, two
different PE models have been considered (Figure 1): model 1
is a strictly linear PE, i.e., a rodlike PE whereas, model 2 is a
flexible PE which is allowed to bend. The rodlike PE model
cannot change its conformation during simulations.
In both models, NPs are represented as impenetrable and
solvent excluded spheres with a constant radius set to Rnp )
35.7 Å. A positive charge znp is assumed to be concentrated
into a point located on their centers. In such conditions, the
central point charge znp of a NP mimics a constant surface charge
density equal to σ ) +znp mC/m2. In a given simulation, all
the NPs bear the same σ value. The total number of NPs present
in the simulation box is noted Nnp
box (Table 1). NPs are initially
randomly placed in the simulation box. Nnp
box is varying from 0
to 20, and four different values of NP surface charge density
are considered and adjusted to σ ) +10, +25, +50, and + 100
mC/m2. It should be noted that the dielectric permittivity is
constant throughout the system and hence surface polarization
is neglected.2,61 Monomers are considered in contact with the
NP when the NP/monomer center-to-center distance is less than
Rnp + 2Rm. The number of adsorbed NPs is noted as Nnp
ads
whereas the maximum value of Nnp
ads is noted as Nnp
sat since the
PE is saturated (Table 1). It is thus expected that Nnpsat is found
when the chain degree of ionization is equal to 1.00.
All pairs of charged particles ij interact with each other via
a screened and extended version of the Debye-Hu¨ckel poten-
tial62
where e is the elementary charge, R is the radius of the spherical
particle (monomer or NP), z is the amount of charge, 0 is the
permittivity of the vacuum, kB the Boltzmann constant, and T
the temperature. Water is treated as a dielectric medium with a
relative permittivity r ) 78.5 at T ) 298 K. The influence of
the ionic concentration Ci is described through the Debye
screening length κ-1. Seven different concentrations of added
salt in the range of Ci ) 0.001-0.1 M are considered.
We performed Monte Carlo simulations according to the
Metropolis algorithm.63 The Monte Carlo simulations consist
of an equilibration period followed by a production period in
which data are saved every 5000 Monte Carlo steps. The
multiplicity of conformations and possible dense structure
formation when more than one NP are adsorbed onto a flexible
or semiflexible PE chain leads in some conditions to nonre-
producible results. Hence, to improve convergence to the global
minimum, we used simulated annealing (SA).
SA is an optimization method applicable to search for the
total energy global minimum64 and is a technique widely used
in many areas; e.g., the temperature of a molten substance is
often slowly reduced until the material crystallizes to give a
crystal with a minimum number of defects. A perfect crystal is
thus obtained when the global minimum of the free energy is
reached. In SA, at high temperature, the system is able to sample
high energy regions of the conformational space and to pass
over high energy barriers. Slow cooling gives then a better
probability to reach the lower energy state in accordance with
the Boltzmann distribution.
When model 2 is considered, the annealing schedule Ti )
f(Ti-1) is used during the equilibration period where Ti is the
temperature of the systems in the ith annealing step. The scaling
factor f is set to f ) 0.9, and the desired final temperature Tf )
298 K is reached after 40 annealing steps. When a rodlike PE
is considered (model 1), the chain monomer positions are not
modified during simulations. Dense structures are not achieved,
and thus the simulated annealing (SA) is not necessary. As a
result, the equilibration period is reduced to a unique period
where T ) 298 K. At a given temperature, successive trial chain
conformations and NPs translations are generated to derive a
reasonable sampling of lowest total energy on the conforma-
tional space. The monomer positions in model 2 are randomly
modified by specific movements to generate new conforma-
tions: end-bond, kink-jump, and pivot. After each elementary
Figure 1. Model 1 consists of a rodlike chain whereas model 2 is
a flexible chain. The bond length between monomers is constant
(7.14 Å), and the number of monomer is set to Nm ) 200 in all
simulations. The rodlike polyelectrolyte cannot change its conformation
during simulations. Charged monomers are represented by yellow
spheres, whereas noncharged monomers are represented by blue spheres.
The degree of ionization R was here chosen arbitrarily and set to R )
0.70.
TABLE 1: List of Symbols
R degree of ionization
c charge ratio (the polyelectrolyte is the central element)
Ci ionic concentration
ΔpK difference between the apparent and intrinsic dissociation
constants
γc charge ratio ( the nanoparticle is the central element)
Nm number of monomers
Nnp
ads number of adsorbed nanoparticles
Nnp
sat max number of adsorbed nanoparticles since the PE is saturated
Nnp
box total number of available nanoparticles present in the
simulation box
NP nanoparticle
PE polyelectrolyte
pH negative logarithmic measure of hydrogen ion concentration
pK0 negative logarithm of the intrinsic dissociation constant〈RG2〉 mean-square radius of gyration
Rm radius of a monomer
Rnp radius of a nanoparticle
σ surface charge density of the nanoparticles
 energy of interaction between the adsorbed nanoparticles
and the PE, normalized by Nnp
ads
uel(rij) )
zizje
2
4πr0rijkBT
exp[-κ(rij - (Ri + Rj))]
(1 + κRi)(1 + κRj)
(4)
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random move and each NP translation, the change in energy
ΔE is considered and the Metropolis selection criterion is
employed to either select or reject the movement.
At a given number of Monte Carlo steps, a monomer is
chosen at random and its charge state can be switched on or
off respectively depending on the solution pH. According to
the Metropolis Monte Carlo criteria, the energy change, ΔE,
determines the probability for accepting the new charge state
with
ΔE is the sum of the change in electrostatic interaction, ΔEc,
and the change in free energy of the intrinsic association reaction
of a monomer. The minus sign is used in eq 5 when a monomer
is deprotonated, whereas the plus sign is required when the
monomer is protonated. In the grand canonical ensemble, the
chemical potential is fixed; hence the difference pH - pK0 is
an input parameter and the degree of ionization R is measured
over the production period and expressed with two significant
digits. When R g 0.995, the value will be noted R ) 1.00 and
the chain is termed as fully charged. On the other hand, when
R < 0.005, the degree of ionization is noted as R ) 0.00 and
the polymer is termed as fully uncharged.
When the PE is considered as the central entity, the charge
ratio c is defined using a notation consistent with refs 54-56
as
On the other hand, considering the NP as the central entity, the
charge ratio γc is defined as
where Ntrain represents the number of charged monomers in
trains.
It should be noted here that Nnp
sat is independent of the total
number of available NPs when Nnp
box g Nnp
sat (as shown later in
Figure 8a). The use of SA methods when flexible chains are
studied requires very long CPU times. As simulation duration
depends of Nnp
box in a preliminary work (not reported here) the
most effective Nnp
box
value was calculated so that no noticeable
change in adsorption upon addition of more NPs than Nnp
sat
was
observed. It explains why the maximum value of Nnp
box
was set
to 20 and 16 when rodlike and flexible PEs are respectively
considered.
III. Simulated Annealing
When one nanoparticle (NP) is considered, the sampling
method used in refs 8 and 9 leads to satisfactory and reproduc-
ible results which are in good agreement with theory and
experiments. Nonetheless, as mentioned in ref 9 when a
semiflexible PE with one nanoparticle is considered, multiple
minima problems can be encountered in particular conditions.
The multiplicity of conformations and possible dense struc-
tures when more than one NP are adsorbed onto a flexible or
semiflexible PE chain is expected to lead to nonreproducible
results. These results are largely dependent of the particle and
monomer positions, particularly when high potentials are
involved, i.e., at high NP surface charge density or low ionic
concentration regimes. In such conditions, dense complex
structures are rapidly entrapped in frozen conformations.
To check the efficiency of the SA optimization method,
simulations involving a semirigid PE (kang ) 0.02 kBT/deg2) in
the presence of several NPs are investigated here. To take into
account intrinsic chain stiffness so as to produce solenoid
structures, a bending energy is added to the flexible model 2
(see ref 9 for details). The pH - pK0 is set to 3.25 to achieve
a degree of ionization R ) 1.00 at Tf ) 298 K. The ionic
concentration is set to Ci ) 0.001 M and the total number of
NPs of surface charge density σ ) +100 mC/m2 present in the
simulation box is set to Nnp
box ) 16. The variation of the total
energy as a function of the temperature during the equilibration
period of a given simulation is presented in Figure 2 in which
some representative conformations at arbitrarily chosen tem-
perature are depicted. Complexation is not observed at high
temperature,36 and the degree of ionization is different from R
) 1.00 due to the high energy state of the system. Then, by
cooling the system, a first NP is adsorbed onto the central part
of the PE. By further decrease of the temperature, a second and
finally a third NP are adsorbed. It should be noted that the PE
becomes more rigid as the temperature decreases. The final
conformation when Tf ) 298 and R ) 1.00 is presented in the
inset of Figure 2a). The PE adopts solenoid conformations as
those predicted by the analytical model of Nguyen and Shk-
loskii.40,41 Such a conformation looks similar, in a qualitative
way, to the DNA/histone complexes. The total energy reaches
a mean value of Etot ) -840kBT. Such a simulation and
characteristic structures are only reproducible using the SA
method.
The resulting conformation in Figure 2b without SA optimi-
zation is (i) different and (ii) clearly depending on the initial
distribution of the PE and the NPs in the simulation box. It
should be noted that in such conditions, the number of adsorbed
NPs can vary from one simulation to another, and the total
energy of the presented conformation is -310kBT, demonstrating
clearly that the SA method rises to conformation with lower
total energy.
ΔE ) ΔEc ( kBT(pH - pK0) ln(10) (5)
c ≡ |Nnp
adsznp
RNmzm
| (6)
γc ≡ |Ntrainzm
Nnp
adsznp
| (7)
Figure 2. Variation of the system total energy as a function of
temperature. The pH - pK0 is set to 3.25 and the ionic concentration
to Ci ) 0.001 M. A semirigid PE is considered (kang ) 0.02kBT/deg2).
The total number of nanoparticles in the simulation box is equal to 16
and the nanoparticle surface charge density σ ) +100 mC/m2. The
final conformation (a) resulting from the production period of a
simulated annealing simulation is presented in the inset. The (b)
conformation is obtained without the simulated annealed technique.
Nonadsorbed nanoparticles are not represented. Simulated annealing
is expected to improve the production of equilibrated conformations.
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IV. Results and Discussion
Nanoparticle Distribution along the Polyelectrolyte Back-
bone. A subtle balance between attractive interactions and
repulsions due to monomer/monomer and nanoparticle/
nanoparticle interactions is expected to control the total number
of adsorbed NPs as well as their distribution along the PE
backbone. To determine the favorite binding regions, we defined
a parameter ηi as the ratio of the number of times a monomer
i is in contact with a NP over the number of MC steps of the
production period. When a monomer i displays a ηi value close
to 0, the monomer is almost never complexed; on the other hand
when ηi goes to 1, the monomer i has a strong affinity with the
NPs. A rodlike PE is investigated here to cancel the contribution
of the PE conformational changes on the number and position
of the adsorbed NPs.
Figure 3 displays the variation of ηi as a function of the
monomer positions i for different values of the number of NPs
present in the simulation box Nnp
box and values of surface charge
densities σ. Ci ) 0.001 M, and pH - pK0 is large enough here
to impose R ) 1.00.
When Nnp
box ) 1, the NP is adsorbed onto the central part
of rodlike PE (Figure 3a). ηi values are close to zero at
the chain extremities since the PE finite size effect forces
the NP to adsorb the central part of the rodlike PE to promote
the electrostatic affinity between the NP and PE. This effect is
more pronounced when σ ) +100 mC/m2: ηi function starts
to increase when i ≈ 25 and reaches a plateau value when i ≈
75.
Geometrically, according to our model description, an ad-
sorbed NP on a rigid rod is in contact with Ntrain ≈ 4.6
monomers. When the NPs are strongly adsorbed during a
production period, then ∫i)1200 ηi ≈ NnpadsNtrain. This condition is
achieved when σ ) +100 and σ ) +50 mC/m2, whereas when
σ ) +10 mC/m2, ∫i)1200 ηi , NnpadsNtrain. Hence when σ ) +10
mC/m2, the NP is reversibly adsorbed and desorbed during the
production period.
When more than one NP are considered, regular distances
between the NPs are imposed by the electrostatic repulsions.
When Nnp
box ) 2 (Figure 3b), a subtle balance emerges from NP
repulsion and finite size effect; the formation of peaks instead
of a plateau is now achieved. ηi function clearly provides two
maxima and the central part of the rodlike PE displays here a
minimum when σ ) +50 and +100 mC/m2. When σ ) +10
mC/m2, plateau formation demonstrates that the electrostatic
repulsions between the NPs are not relevant, i.e., not strong
enough to promote the formation of specific binding site. Hence,
the adsorption probability function is uniform and decreases
close to the PE ends.
When Nnp
box ) 4 (Figure 3c), the behavior is analogous to the
previous case: a plateau is observed when σ ) +10 mC/m2
whereas four peaks are clearly obtained when σ ) +50 and
+100 mC/m2. It should be noted, when the peaks are close to
PE extremities, their amplitude is larger whereas their width is
smaller. The shape of the peaks reflects the balance between
(i) finite size effect which forces a NP to join the central part
of the chain and (ii) NP electrostatic repulsion which promotes
desorption and large separation distances between the NPs.
When Nnp
box ) 20 (Figure 3d), six and nine peaks are
observed when σ ) + 100 and σ ) + 50 mC/m2, respectively.
Under such conditions, Nnp
box is larger than Nnp
ads and Nnp
ads
reaches
its maximum value and is noted as Nnp
sat since the PE is
saturated. When σ ) +10 mC/m2, a large plateau is still
observed; nonetheless, two peaks start to emerge at extremities
because of finite size effect and the repulsions of the large
amount of adsorbed NPs. Snapshots of the rodlike PE/NP
complexes are given in Table 2a) as a function of σ and Ci
when R ) 1.00. The influence of the electrostatic repulsions
between the adsorbed NPs, at high σ and low Ci, clearly results
in the emergence of correlation lengths between the adsorbed
NPs.
The mobility and possible desorption of NPs between
different adsorption sites are investigated in Figure 4 by
considering the adsorption probability function for a given
particle j. ηi,j is defined as the ηi function of the jth NP. When
σ ) +50 mC/m2 (Figure 4a), nine NPs are adsorbed onto the
rodlike PE and, for the given simulation here, j values are equal
to 2, 6, 9, 10, 13, 15, 17, 18, and 19. Once adsorbed, no
desorption and no position exchange between adsorbed NPs are
observed. On the other hand, by decreasing the surface charge
densities at σ ) +10 mC/m2, a given NP can freely adsorb any
monomer or desorb the PE. In Figure 4b), the ηi,j function
indicates that there are no specific adsorption and correlation
lengths between the NPs. In addition, all the NPs in the
simulation box are able to adsorb the rodlike PE.
Maximum Number of Adsorbed Nanoparticles. The value
of adsorbed NPs when the PE is saturated, Nnp
sat
, is expected to
depend on the NP surface charge density (Figure 3d), ionic
Figure 3. Variation of the probability of occupation of monomer i,
ηi, as a function of the monomer position i for the fully charged rodlike
polyelectrolyte. The number of nanoparticles present in the system is
successively set to (a) Nnpbox ) 1, (b) Nnpbox ) 2, (c) Nnpbox ) 4, and (d)
Nnp
box ) 20. Three different values of surface charge densities are
considered at σ ) +10, +50, and +100 mC/m2 at ionic concentration
Ci ) 0.001 M. Solution conditions and NP properties control both the
number of adsorbed NPs and distance correlation.
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concentration Ci, and solution pH. The total number of available
NPs, Nnp
box
, was set to 20 and 16 in model 1 and model 2,
respectively, to ensure Nnp
box > Nnp
sat
. The variation of the mean
value of Nnp
sat as a function of the ionic concentration is
displayed in Figure 5 when fully charged (R ) 1.00) (a) rodlike
and (b) flexible PEs are considered.
According to Figure 5a Nnp
sat is clearly dependent on the
surface charge density σ and ionic concentration Ci. When
σ ) +10 mC/m2, the monomer/NP electrostatic attraction is
mainly controlling Nnp
sat
which decreases as Ci increases be-
cause of electrostatic screening. As a result, the complex
continuously dissolves with the increase of the ionic concentra-
tion. When σ ) +100 mC/m2, Nnp
sat is increasing first as a
function of the ionic concentration up to Ci ) 0.07 M because
of the increase of the electrostatic screening between the NPs.
Then by furthermore increasing the ionic concentration, the
complex starts to dissolve because of the decrease of the
attractive interaction between the NPs and PE. Maxima are
observed at intermediate surface charge density and shifted to
lower ionic concentration with the decrease of σ.
The variations of the number of charged monomers in contact
with the NPs are presented as a function of Ci in the inset of
Figure 5a. Trends are similar to the variations of the maximum
number of adsorbed NPs since the number of monomers in the
train is directly calculated from the number of adsorbed NPs.
When flexible PEs are considered (model 2), and since
conformational changes are expected to occur, Figure 5b shows
that Nnp
sat is significantly less than that obtained in the rodlike
TABLE 2: Equilibrated Conformations of (a) a Rodlike and
(b) Flexible Polyelectrolyte at r ) 1.00 in the Presence of
Nanoparticles vs Ionic Concentration Cia
a Four surface charge densities σ ) +10, + 25, +50, and +100
mC/m2 were considered. The nonadsorbed nanoparticles are not
presented.
Figure 4. Variation of the probability of occupation rate of monomer
i by a nanoparticle j, ηi,j, as a function of monomer position i. Here
9 NPs have been considered only among the 20 NPs which were
present in the simulation box. When (a) σ ) +50 mC/m2, the adsorbed
NPs never desorb the rodlike polyelectrolyte. When (b) σ ) +10 mC/
m2, the ηi,j function indicates that there are no specific adsorption
regions.
Figure 5. Variation of the maximum number of adsorbed NPs at
polyelectrolyte saturation Nnp
sat
as a function of the ionic concentration
Ci by considering (a) rodlike and (b) flexible polyelectrolytes. The
variation of number of charged monomer in trains Ntrain as a function
of the ionic concentration is given in the insets. Ionic centration,
nanoparticle surface charge density, and polyelectrolyte flexibility are
controlling in a nonmonotonic way Nnp
sat
.
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PE case, in particular when the NP charge density σ g +25
mC/m2. When σ ) +10 mC/m2, surprisingly more NPs are
adsorbed on the PE. In such a case of weak adsorption
conditions, PE flexibility promotes the NP adsorption by
increasing the number of monomers in contact with the NPs.
As shown in Table 2, dense complexes are achieved with
flexible PEs which act as a polymeric glue for the NPs, resulting
in an increase of the number of monomers in contact with the
NPs. A balance between the total number of charged monomers
in contact with the NPs, number of NPs in the complex, and
complex density is then achieved. As shown in the inset of
Figure 5b, when flexible PEs are considered, Ntrain is strongly
dependent on the NP surface charge density. Indeed, the mean
value of Ntrain for an adsorbed NP is found more important for
the highly charged NPs.
Titration Curves and Complex Dissolution. Isolated titra-
tion curves of weak flexible and semiflexible PEs were
previously examined in refs 8 and 9. It was shown that (i)
conformational changes are obtained when R is adjusted (the
chain expand continuously from R ) 0.00 to R ) 1.00) and
(ii) ΔpK increases continuously with R and with the de-
crease of the ionic concentration. To investigate the acid/
base behavior of a PE on which NPs are adsorbed, titration
curves of model 1 and model 2 were calculated (parts a and b
of Figure 6, respectively). The ionic concentration is set to
Ci ) 0.001 M for the sake of clarity and to highlight electrostatic
effects.
As demonstrated in Figure 6, when NPs are adsorbed onto
the PE, titration curves differ from the titration of the isolated
chain: at a given pH - pK0 value, R increases with the NP
surface charge density σ, and at a given R, a decrease of the
ΔpK value is observed when σ increases. It should be noted
that when highly charged NPs are considered (σ g +50 mC/
m2), the acid/base properties of the weak PE are profoundly
modified since ΔpK becomes negative.
Chain stiffness influence on acid/base properties of the weak
PE is clearly illustrated when titration curves of model 1 and
model 2 are compared. Chain stiffness yields two effects: (i) it
promotes PE ionization by increasing the chain extension hence
decreasing the monomer/monomer electrostatic repulsions and
(ii) it controls the number of monomers in contact with the NPs.
Clearly two trends are observed. When highly charged NPs are
considered, chain rigidity promotes PE ionization since the
number of adsorbed NPs is important. On the other hand when
weakly charged NPs are used, chain flexibility promotes PE
ionization since the number of adsorbed NPs is higher than that
for the rodlike PE model.
The number of adsorbed NPs, Nnp
ads as a function of the PE
degree of ionization R is now presented in Figure 7 for the two
models. Nnp
ads has the maximum value when R ) 1.00 in all
conditions. When the rodlike PE is considered and σ e +25
mC/m2 (Figure 7a), Nnpads decreases monotically by decreasing
R, whereas when σ ) +100 mC/m2, Nnp
ads does not vary during
titration and dissolution is not observed in the investigated range
of pH - pK0.
The distinction between two types of complexes is thus
proposed: (i) strong complexes when the total number of
Figure 6. Titration curves corresponding to the variation of the
polyelectrolyte degree of ionization R for different pH - pK0. The
number of NPs is set to (a) Nnpbox ) 20 in model 1 and (b) Nnpbox ) 16 in
model 2. Four different surface charge densities σ (+10, +25, +50,
and +100 mC/m2) are considered at Ci ) 0.001 M. The isolated chain
titration curve is given as a reference. For a given pH - pK0 value, the
presence of an oppositely charged NP makes the polyelectrolyte chain
easier to deprotonate. When an highly charged NP is adsorbed, the
polyelectrolyte monomers become more acid than the isolated mono-
mers.
Figure 7. Variation of the number of adsorbed nanoparticles Nnp
ads
onto (a) a rodlike polyelectrolyte and (b) a flexible polyelectrolyte as
a function of the polyelectrolyte degree of ionization R. Four different
NP surface charge densities σ (+10, +25, +50, and +100 mC/m2)
were considered at a constant ionic concentration Ci ) 0.001 M. The
variations of the number of complexed nanoparticles as a function of
the pH - pK0 are given in the inset. Continuous decrease of Nnp
ads is
generally observed with decreasing the pH - pK0 excepted when highly
charged nanoparticles are considered (Nnpads levels off).
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adsorbed NPs is independent over a wide range of pH (as
illustrated when σ ) +100 mC/m2 and Ci ) 0.001 M) and
(ii) weak complexes when Nnpads is directly controlled by the pH
(as illustrated when σ e +25 mC/m2 and Ci ) 0.001 M). When
σ ) +50 mC/m2, the variation of Nnp
ads as a function of R
displays a plateau value. When R g 0.65 (strong complex
regime), then, at lower R values, the complex dissolves in a
monotone way (weak complex regime).
The variations of Nnp
ads as a function of pH - pK0 are
presented in the insets of Figure 7. Curves level off at high pH
- pK0 values before smoothly decreasing at given pH - pK0
values which are dependent on NPs surface charges densities.
When a flexible PE (model 2) is considered instead of a
rodlike polymer (Figure 7 b), strong and weak complex regimes
are also observed. However, by comparison of the two models,
dissolution is achieved at higher pH - pK0 values for the flexible
chain.
To determine how the titration curves of the rodlike PE are
sensible to the number of adsorbed NPs, the PE degree of
ionization was calculated by varying both σ and Nnp
box
with Nnp
box
ranging from 0 to 20. Titration curves with σ ) +100 mC/m2
(strong complex) and σ ) +25 mC/m2 (weak complex) are
presented in Figure 8).
When pH - pK0 ) -2 and Nnp
box ) 0, the PE is uncharged.
When one NP with σ ) +100 mC/m2 is introduced into the
system, it adsorbs the PE and its degree of ionization increases
to R ) 0.07. The presence of one NP induces the ionization of
14 monomers on average. By adding two, four, and six NPs
into the system, R increases linearly to 2 × 0.07) 0.14, 4 ×
0.07 ) 0.28, and 6 × 0.07 ) 0.42, respectively, i.e., the number
of adsorbed NPs times 0.07. This linear dependence is due to
the significant separation distance between the adsorbed NPs
which is greater than 14 monomers. When Nnp
box ) 20, the
corresponding titration curve is identical to Nnp
box ) 6 since Nnp
box
) 6. When σ ) +25 mC/m2 (weak complex, Figure 8b), the
increase of Nnp
ads
moves the titration curves to the isolated
monomers curve, the NP charge density being not high enough
to achieve negative ΔpK values.
Complex Conformations of the Flexible Polyelectrolyte.
When flexible PEs are considered, as shown in Tables 2b and
3, collapsed structures are obtained with a variable number of
NPs. The mean-square radius of gyration 〈RG2〉 of the PE is
calculated to quantitatively characterize flexible PE conforma-
tional changes upon complexation or during the decrease of pH
- pK0. 〈RG2〉 is presented in Figure 9 as a function of pH -
pK0 when Ci ) 0.001 M for an isolated chain, then with the
presence of 16 NPs with σ ) +10, 25, 50, and 100 mC/m2.
When an isolated chain is considered, 〈RG2〉 values are repre-
sentative of extended conformations and, by decreasing the pH
- pK0 value, a continuous decrease of 〈RG2〉 is observed. The
formation of self-avoiding walk conformations (SAW) at pH
- pK0 ) -2, i.e., at R ) 0.00, is achieved. When 16 NPs with
σ ) +10 mC/m2 are included in the simulation box, a decrease
of the PE 〈RG2〉 is observed because of complexation and
decrease of the PE charge density. 〈RG2〉 decreases continuously
as the pH - pK0 is decreasing and reaches the curve of the
isolated chain when pH - pK0 e -0.25. Increasing further the
surface charge density of the NPs, formation of more compact
structures is immediately achieved. Despite the decrease of the
number of adsorbed NPs during titration, 〈RG2〉 values do not
vary significantly. Nonetheless, as shown in Table 3, when
Nnp
ads ) 2, dumbbell conformations are obtained with various
separation distances between the NPs. Indeed, when σ ) +100
mC/m2 and when the degree of ionization is decreased from R
) 0.96 to R ) 0.56, the distance between the two globules is
increasing since Ntrain is decreased. As a result, an increase of
〈RG2〉 is observed in Figure 9 when pH - pK0 < -0.5. When
σ ) +50 mC/m2, the dumbbell conformation is achieved at pH
- pK0 ) -1.25. When pH - pK0 ) -2.00, the complex expels
one NP and the PE wraps around the remaining NP. By
Figure 8. Titration curves of a rodlike polyelectrolyte by adjusting
Nnp
box
. The number of NPs in the simulation box is set to Nnp
box ) 0, 1,
2, 4, 6, and 20. The surface charge density σ is set to +100 in (a) and
+25 mC/m2 in (b) and the ionic concentration to Ci ) 0.001 M.
Important deviations form the isolated polyelectrolyte case are observed
by increasing Nnp
box
and σ.
Figure 9. Variation of the mean-square radius of gyration 〈RG2〉 of a
flexible polyelectrolyte as a function of pH - pK0. Ionic concentration
is set to Ci ) 0.001 M. Five cases are considered: the isolated chain,
then the polyelectrolyte in the presence of 16 NPs with σ ) +10, 25,
50, and 100 mC/m2. Under such conditions, complexation is observed
and involves a collapse of the polyelectrolyte. Complexation results in
the formation of dense conformations which are dependent on the
nanoparticle surface charge density and number of adsorbed NPs.
Nanoparticle desorption at small pH - pK0 values results in a small
decrease of the polyelectrolyte compacity.
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furthermore decreasing the pH - pK0 (data not reported here),
the last NP desorbs and 〈RG2〉 increases to the SAW value.
Overcharging. Considering the PE as the central element, a
neutral complex is observed when c is equal to 1 (eq 6); an
undercharged complex is obtained when c < 1 because of the
excess of PE charges, whereas, when c > 1, the excess of
NP charges involves overcharging. The variation of c as
a function of the ionic concentration Ci is given in Figure 10
for the (a) rodlike and (b) flexible PEs when R ) 1.00. The
ionic concentration has a nonlinear effect which is depen-
dent on the NP surface charge. Considering the rodlike PE,
when σ ) +10 mC/m2, the complex is undercharged what-
ever Ci and c decreases by increasing Ci. When σ ) +25 mC/
m2, by increasing Ci, transitions from an overcharged PE/NP
complex to a neutral complex and to an undercharged com-
plex are observed in agreement with the observation made by
Skepo¨ and Linse.56 When σ ) +50 mC/m2, the variation of
c as a function of Ci exhibits a more subtle behavior since
overcharging increases with Ci to reach a maximum value, then
by increasing further Ci, a transition from an overcharged to
an undercharged complex is achieved. When σ ) +100 mC/
m2, the complex is always overcharged. However, a max-
imum value of c is observed at Ci ) 0.07 M and a decrease of
the overcharging is achieved in the high ionic concentration
regime.
Overcharging is more important for the rodlike PE and is
systematically increased by increasing further the NP surface
charge density σ. Trends are similar when the flexible PE is
considered. However, a plateau is observed when σ ) +100
mC/m2 and Ci e 0.03 M due to the limited number of adsorbed
NPs.
The variations of c as a function of pH - pK0 are presented
in Figure 11 when Ci ) 0.001 M and for the rodlike PE model
(similar trends are obtained with the flexible PE). Two trends
are clearly put in evidence: when σ e +25 mC/m2, c
continuously decreases during titration. Transition from over-
charged to undercharged and then dissolved complex is obtained.
On the other hand, when σ g +50 mC/m2, overcharging
increases continuously by decreasing pH - pK0 since the
number of adsorbed NP is kept more or less constant here.
Considering now the NP as the central element, the over-
charging for an adsorbed NP (eq 7) is solely achieved for a
flexible PE when Ci is equal to 0.03, 0.05, or 0.07 M, σ )
+100 mC/m2 and R ) 1.00. In same conditions, when a rodlike
PE is considered, the NP is largely undercharged.
Annealed vs Quenched Polyelectrolyte Charge Distribu-
tion. In our models, the total number of charges as well as their
distribution along the PE backbone are expected to be controlled
by the pH and the presence of NPs. Charges corresponding to
R less than unity are subject to equilibrium and may thus be
considered mobile. This effect is illustrated in Figure 12 in which
charges migrate to the binding region and are depleted from
locally unbound repeat monomer units.
To investigate the influence of charge mobility, a quenched
PE is considered by regularly distributing the charges along the
TABLE 3: Monte Carlo Equilibrated Conformations of a
Weak Polyelectrolyte in the Presence of 16 Nanoparticles at
Ci ) 0.001 M as a Function of pH - pK0 and for Three
Various Surface Charge Densities σ ) +10, +50, and +100
MC/m2 a
a The average value of the degree of ionization R is given in the
inset of each cell.
Figure 10. Variation of the charge ratio c of the amount of
nanoparticle charge over the polyelectrolyte total charge as a function
of the ionic concentration for (a) a rodlike polyelectrolyte and (b)
a flexible polyelectrolyte. The polyelectrolyte overcharging is
expected to be maximum for a given ionic concentration using highly
charged nanoparticles. Chain rigidity is promoting here the overcharg-
ing.
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PE backbone for different R. The variation of Nnp
ads
vs R is
presented in Figure 12a using a rodlike PE, σ ) +25 mC/m2
and Ci ) 0.001 M. When R > 0.40, Nnp
ads is found similar on
both a quenched and an annealed PE. On the other hand, when
0 < R e 0.40, i.e., in unfavorable conditions for NP adsorption,
the annealed PE, due to the charge mobility, is more efficient
for the NP binding.
The parameter  is defined as the total energy of interaction
between the NPs in the simulation box and the PE, normalized
by Nnp
ads
. The variations of  for the quenched and annealed
rodlike PE as a function of R when Ci ) 0.001 M and σ )
+100 mC/m2 are presented in Figure 12b. As suggested above,
we demonstrate here that the annealed PE creates a strong
complex (when R ) 1.00, Nnpads ) 6 for both PEs). quenched g
annealed in the full R domain investigated. Considering the
quenched PE, when R ) 0.75, Nnp
ads falls from 6 to 5 (weak
complex) and as a result quenched ≈ annealed.
V. Conclusions
This paper investigated the formation of complexes between
a polyelectrolyte (PE) and oppositely charged nanoparticles
(NPs) when electrostatic interactions are considered. One of the
key questions was to know what happens, using Monte Carlo
simulations, to the PE conformation and structure of the
complexes when the solution ionic concentration, pH, NP
surface charge density, and PE intrinsic rigidity were modified.
We found that the key to the qualitative understanding of the
zoology of PE/NP complexes is the balance between attractive
PE/NP interactions and monomer/monomer and nanoparticle/
nanoparticle repulsions, both controlled by adjusting bulk
properties such as pH and ionic concentration.
Rodlike and flexible polyelectrolytes were considered, and
stiffness was found to be an important parameter since flexible
PEs act as polymeric glue promoting the formation of dense
structures.
In the case of flexible PEs, the maximum number of adsorbed
nanoparticles is significantly less than those seen in the rodlike
PE case. However when NP surface charge is low, flexibility
promotes NP adsorption by increasing the number of monomers
in contact with the NPs. On the other hand, chain stiffness
decreases the impact of monomer/monomer electrostatic repul-
sions by increasing the chain extension but decreases the number
of monomers in contact with the NPs. In such conditions,
complex conformations were characterized by considering the
distance correlation between the adsorbed NP as well as the
NP mobility on the rodlike PEs.
Overcharging, which is an important issue if, for example,
complex aggregation should be considered, was found to be
more important for the rodlike PEs and systematically increased
by increasing further the NP surface charge density as well as
ionic concentration (prior to NP desorption). Another important
issue to promote PE/NP complex formation, which is related
to the PE chemical structure, concerns the charge mobility along
the PE backbone. Clearly when charge mobility is possible
(annealed PE), the PE acts as a better glue for the NPs,
promoting the monomer/NP attractive interaction contrary to
quenched PEs.
The investigation of the titration curves of the weak PE also
reveals an important change in the PE acid/base properties upon
the adsorption for NPs by promoting PE ionization. The
presence of several NPs makes, in some conditions, the PE
easier to deprotonate than the isolated monomer.
These simulations have shown that when dense structures
involving several NPs are expected to be obtained, then the use
of simulated annealing is required to improve convergence to
the most probable global minimum. Given to the needs to
identify, understand, and monitor parameters which are related
to the structure/property relationship of PE/NP mixtures and
Figure 11. Variation of the charge ratio c as a function of the pH -
pK0 for a rodlike polyelectrolyte. Two trends are observed with
decreasing pH - pK0 and subsequently the polyelectrolyte degree of
ionization R. At low NP surface charge density σ, undercharging is
observed whereas overcharging is promoted with increasing σ.
Figure 12. (a) Variation of the number of adsorbed NPs as a function
of the degree of ionization for an annealed and a quenched polyelec-
trolyte. Charge mobility at weak polyelectrolyte degree of ionization
promotes the NP adsorption. (b) Variation of the mean energy of
interaction between one adsorbed NP and the polyelectrolyte, , as a
function of R for an annealed and a quenched polyelectrolyte. In all
cases, a stronger affinity is achieved by considering annealed poly-
electrolyte. Snapshots of equilibrated conformations are presented for
the annealed (1) and quenched (2) polyelectrolyte.
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structural zoology of such systems, computer simulations
represent a very useful tool to quantify such systems.
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Chapter VII 
Isolated Polyampholytes 
 
 
 
 
 
  
The aim of Paper VII consists to explore polyampholyte conformations and investigate in a 
systematic way the influence of the polyampholyte primary structure, stoichiometry, solution 
ionic concentration and stiffness on the acid/base properties of polyampholytes. Paper VII 
indicates that computer simulations can isolate in good agreement with experimental and 
analytical theory, the factors that control the acid/base properties of polyampholyte chains,  
since the knowledge of protein structure is essential for a number of applications, and since 
proteins bear a structural resemblance to polyampholytes having a distribution of neutral and 
charged amino acids. Our model considers two types of monomers: monomer A and monomer 
B. Monomer A can either carry a negative charge at its center or be uncharged whereas 
monomer B can either carry a positive charge at its center or be uncharged.  
The nature of each monomer is identified from the mean pK0 value of amino and carboxyl 
groups found in proteins.  
When the monomer distribution along a linear chain is correlated, the polyampholyte is 
referred to as a statistical polyampholyte. On the other hand, when there are no correlations in 
the monomer distribution, the polyampholyte is denoted random. Statistical and random 
polyampholytes are investigated.  
Snapshots of a weak statistical octablock polyampholyte (AnBn)m with n = 25 and m = 4 is 
presented in Figure VII.1. At high or low pH conditions, the repulsions between blocks force 
the uncharged block to be stretched. In the isoelectric condition, the chain size is in a globular 
conformation. 
 
 
 
Figure VII.1. Various conformations of a weak statistical octablock polyampholyte at 
different pH solutions. Details of simulations parameters are available in Table A.VII.1 (see 
Appendix). 
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A Monte Carlo Study of Weak Polyampholytes: Stiffness and Primary Structure Influences
on Titration Curves and Chain Conformations†
Serge Ulrich,* Marianne Seijo, and Serge Stoll
Department of Inorganic, Analytical, and Applied Chemistry, UniVersity of GeneVa, Sciences II, 30 quai
Ernest-Ansermet, CH-1211 GeneVa 4, Switzerland
ReceiVed: December 22, 2006; In Final Form: February 12, 2007
The conformation and titration curves of weak polyampholytes are examined using Monte Carlo simulations
with screened Coulomb potentials in the Grand Canonical ensemble. Two different types of monomers are
considered. Depending on the solution pH, monomers A are weak acidic sites that can either be negatively
charged or uncharged (as carboxylic groups), whereas monomers B are weak basic sites that can either be
positively charged or uncharged (as amino groups). The influence of the chain stiffness, primary structure,
and ionic concentration on the acid/base properties of the polyampholyte chains are systematically investigated.
By adjusting the pH values, titration curves and then the fractions of positively and negatively ionized charged
monomers are calculated. Stiffness influence is estimated by comparing two models of chain: a fully flexible
and a rod-like polyampholyte. Different primary structures such as statistical (diblock, octablock, and alternating)
and random polyampholytes are also considered. We demonstrate that the primary structure plays important
roles in the acid/base properties as well as the charge distribution along the polymer backbone of a statistical
rod-like polyampholyte. When flexible polyampholytes are considered, polyampholyte conformations promote
the attractive electrostatic interactions between positively and negatively charged monomers, hence leading
to more or less compact conformations and acid/base properties relatively different in comparison to the
rod-like polyampholytes. Various conformations such as extended, globular, and pearl-necklace conformations
are found in good agreement with the literature by adjusting the interaction parameter between monomers
and monomer stoichiometry.
Introduction
Charged polymers receive nowadays a lot of attention due
to their strong adsorption onto oppositely charged surfaces and
important conformational changes in solutions.1-6 They are
largely encountered in nature as proteins, polysaccharides, and
polypeptides and reveal outstanding physical and chemical
behaviors to fit the physicochemical properties of living
materials to their biological functions. In common terminology,
charged polymers are classified as polyelectrolytes (PEs) and
polyampholytes (PAs): PEs exhibit one single type of charge,
either negative or positive, whereas PAs are copolymers
containing both positive and negative charges. Many charged
polymers found in nature, including proteins, are in fact PAs.
Synthetic PAs are also of interest as they provide simple but
useful models to investigate the folding of proteins and
properties of biopolymers.7
Experimentally,8-10 it was shown that the solution behavior
of PAs is essentially controlled by their net electrical charge.
The net charge δR of the chain is generally defined as the
absolute value of the difference between the fractions of
negatively (R-) and positively (R+) charged monomers. It was
found that conductivity, viscosity, as well as coil size of PAs
had a minima at the isoelectric conditions (i.e., when δR ) 0.00)
where most of PAs precipitate.8-15 At the isoelectric conditions,
viscosity and coil size were also found to increase with the
increase of ionic concentration, suggesting the formation of more
open structures.11,15 On the other hand, when the net charge of
PAs is large, viscosity and coil size are expected to decrease
by increasing the ionic concentration, which promotes the chain
collapse. In such conditions, PAs having a strong net charge
behave like PEs.
To clarify the complexity of the interplay between the
repulsive and attractive interactions found on PAs, both analyti-
cal models16-19 and computer simulations20-28 were largely
used. The conformations of PAs were first theoretically
investigated by Ewards, King, and Pincus.16 The authors showed
that a randomly charge-balanced PA collapses into a globule.
Then, Higgs and Joanny17 investigated the case of a randomly
charged PA in the globular state. Charged monomers into the
globule were considered to be similar to that of charges in a
small volume of a simple electrolyte. They showed that each
charge is surrounded by a shell of charges of the opposite sign
and suggested that the PA collapses into a globule having a
radius of gyration significantly smaller than its value in the
absence of charges. As a result, PAs exhibit a strong tendency
of self-neutralization without the help of counterions unlike PEs.
The effect of the net charge change on the conformational
properties of PAs was investigated by simulations20-27 by mainly
focusing on random quenched distributions of positively and
negatively charges. Kantor and Kardar21-23 investigated the
conformational properties of a randomly charged linear PA
consisting of Nm monomers of size b and charge (q0. The mean
PA charge was found to be equal to Q ∼ (Nmq0. The overall
conformation was also found to depend on the net charge Q.
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When Q is less than a critical value, Qc, it was found that the
PA adopts a globular conformation, whereas, when the net
charge Q is larger than Qc, the globule splits into two smaller
globules so as to reduce electrostatic repulsions by analogy with
the shape instability of charged drops described by Rayleigh.29
Dobrynin, Rubinstein, and Joanny19 presented a very useful PA
state diagram as a function of the net charge and total fraction
of charged monomers: Gaussian coil, spherical globule, pearl-
necklace, and stretched conformations were found.
Properties of PAs in solution depend not only on the fraction
of positively and, respectively, negatively charged monomers
but also on their distribution along the chain backbone. Random
and block PAs can exhibit contrasting behaviors, and it was
shown that PAs are also sensitive to the primary structure and
the stoichiometry of the different monomer types.18,20,30 Wittmer
and co-workers18 discussed the influence of the primary structure
by comparing random and alternating PAs and showed that
alternating PAs are more soluble than random distributions.
Then, Victor and Imbert20 studied the effect of primary structure
on the collapse of charge-balanced PAs using lattice Monte
Carlo simulations. Alternating PAs were found to behave like
hydrophobic polymers with short-range interactions, and a
collapse transition was found similar to the coil-globule
transition of a neutral polymer. Sequence influence on PA
conformations was investigated by Srivastava and Muthuku-
mar.24 Twenty different linear neutral PAs with positively
charged, negatively charged, and neutral monomers randomly
distributed along the chain were considered, and the overall
composition ratio was the same in each case. Clear differences
in the mean-square radii of gyration were observed due to the
differences in the location of charges along the chain. The
authors showed that the PA radii of gyration depends on the
intrachain energy that arises from the electrostatic repulsions
between same charges and electrostatic attractions between
opposite charges at low temperature.
On the other hand, considerable experimental work has been
devoted to the potentiometric titration of charged polymers in
aqueous solution.31-33 The continuous increase of the apparent
pK of a polymeric acid with the degree of ionization was found
to be one of the most remarkable features of the dissociation
equilibrium of weak PEs in aqueous solution. More recently,
titration of PEs have been also largely investigated by computer
simulations.34-41 In some circumstances, remarkable similarities
are found between the different conformations of PAs and those
of PE chains in a poor solvent. Indeed, by adjusting the solvent
quality for polymer backbone and pH-pKa value, it was shown
that a PE can exhibit various different conformational states
that are also observed for PAs: coil, collapsed spherical globule,
stretched chain, cigar-shape-like aggregate, and pearl-necklace
conformations.34,42
More specific conformations of a diblock PA with increasing
degree of ionization were experimentally described in light of
viscosity data. It was found that pairing of oppositely charged
monomers leads to a kind of cross-linked structure.43 Wang and
Rubinstein44 recently investigated the conformational properties
of symmetric flexible diblock PAs by scaling theory and
simulations. They demonstrated that, in some conditions, the
electrostatic attraction causes the chain to fold through the
overlap of the two blocks and each block is slightly stretched
by self-repulsion.
Acid dissociation constants of alternating PAs made of acrylic
acid (AA) and 4-vinylpyridine (4VP) were determined using
pH titration methods by Masuda and co-workers.45 It was shown
that the concentration of the protonated form of the alternating
copolymer exists in the lower pH range and decreases with the
increase of solution pH until pH ) 6 and the deprotonated form
begins to appear around pH ) 9. On the other hand, it was
found that the neutral forms were present over a wide range of
pH, in equilibrium with zwitterionic molecules. Neutral mol-
ecules were largely predominant over the zwitterionic molecules.
The authors compared these pH distribution curves with those
of mixtures of AA and 4VP monomers in which zwitterionic
and neutral molecules coexisted in a limited range of pH with
predominance for the zwitterionic molecules. The paper clearly
shows the influence of polymerization on acid/bases properties
of a PA.
The ionic equilibrium in aqueous solutions of PAs made of
acrylic acid and 2-methyl-5-vinylpyridine of various composi-
tions was experimentally investigated.11 The protonation degree
of base and dissociation degree of the acid groups and the
ionization constant of methylvinylpyridine groups for the
isoelectric conditions were assessed spectrophotometrically and
via viscometric titration. It was found that the basicity of
methylvinylpyridine groups increases in proportion to the
content of acid groups.
The aim of the present paper is to explore PA conformations
and investigate in a systematic way the influence of the PA
primary structure, stoichiometry, solution ionic concentration,
and stiffness on the acid/base properties of PAs. For that
purpose, Monte Carlo simulations will be used. Because the
knowledge of protein structure is essential for a number of
applications, and because proteins bear a structural resemblance
to PAs having a distribution of neutral and charged amino acids,
two monomer types are considered in our PA model. The nature
of each monomer is identified from the mean pKa value of amino
and carboxyl groups found in proteins. It is assumed that the
first type of monomer is representative for the mean acid/base
properties of carboxylic groups (monomer A), whereas the
second type is chosen so as to be representative of the acid/
base properties of amino groups (monomer B).
Considering two different monomers A and B, when the
monomer distribution along a linear chain is correlated, the PA
is referred to as statistical PA. On the other hand, when there
are no correlations in the monomer distribution, the PA is
denoted random. We will consider two sections: In section I,
statistical PAs will be first investigated by considering diblock,
octablock, and alternating PAs, whereas, in section II, random
PAs will be considered. In all cases, PAs are composed of a
fixed distribution of monomer sequence. Nonetheless, it should
be noted that the charge distribution is annealed.
Model Description
An isolated linear polyampholytes (PA) is simulated with the
assumption of a very dilute solution. The PA chain is represented
as a succession of Nm freely jointed spheres of radius Rm. The
usual interaction parameter u is defined as
where lB represents the Bjerrum length, which is equal to 7.14
Å at T ) 298 K in water. Hard-sphere repulsions between
monomers are described using hardcore interactions. Stiffness
influence follows from the direct comparisons of two chain
models (Figure 1): (i) a rod-like chain that cannot change its
conformation during simulation (model 1) and (ii) a flexible
chain (model 2).
u )
lB
2Rm
(1)
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The long-range repulsive electrostatic potential along the
distance rij between charged monomers i and j is described via
a screened Debye-Hu¨ckel potential:46
where e is the elementary charge (e ) 1.6 × 10 -19 C), 0 the
permittivity of the vacuum (0 ) 8.85 × 10-12 C V-1 m-1),
and zi the amount of charge on the monomer i. Ri represents
the radius of the spherical monomer i. The solvent is treated as
a dielectric continuum of a given permittivity r ) 78.5 equal
to that of water at T ) 298 K. The overall effect of free ions on
interactions are described via the dependence of the inverse
Debye screening length κ.
The chemical equilibrium of a charged polymer with hydro-
gen ions in aqueous solution is determined by the intrinsic
dissociation of the various ionizable groups. Our chain model
considers two types of monomers: monomers A and monomers
B (Figure 1). The total number of monomer is set to Nm )
200. The total number of monomer A is noted NA and the total
number of monomer B is noted NB. The ratio η ) NB / NA is
introduced here to describe the stoichiometry of a chain. A
balanced stoichiometry is reached when η ) 1.00.
Each of the NA monomers represents a weak acidic site that
can either carry a negative charge zm ) -1 on its center or be
uncharged. The dissociation of an isolated acid monomer (HA)
in an aqueous solution is given by
According the law of mass action, the equilibrium constant is
The pKa
A
value was arbitrarily set to 2.17 in order to simulate
the mean acid/base property of a carboxylic group in amino
acids.
On the other hand, each of the NB monomers represents a
titrating site that can either carry a positive charge zm ) +1 on
its center or be uncharged. The dissociation of an isolated base
monomer (BH+) is given by
with an equilibrium constant given by
The pKa
B
value was arbitrarily set to 9.53 in order to simulate
the mean acid/base properties of an amino group in amino acids.
Thus, it is assumed that the carboxyl groups (monomers A) are
protonated (neutral monomers) when pH < pKaA and deproto-
nated when pH > pKa
A (negatively charged). On the other
hand, the amino groups (monomers B) are protonated (positively
charged) when pH < pKaB and deprotonated (neutral mono-
mers) when pH > pKaB. Hence, positive and negative mono-
mers will coexist when pKa
A < pH < pKa
B
, whereas mainly
positively (negatively) and neutral monomers will be present
when pH < pKa
A (pH > pKaB) (see Figure 2a).
In the absence of electrostatic interactions, according to the
solution pH, the fraction R- of negatively charged monomers
is defined as
On the other hand, the fraction R+ of positively charged
monomers is defined as
Subsequently, the fraction R0 of neutral monomers is described
as
The condition R- + R+ + R0 ) 1.00 is then always respected.
Curves calculated from eqs 7 to 9 are considered as ideal curves
and are presented in Figure 2b when η ) NB/NA ) 1.00
(balanced stoichiometry, i.e., when the number of monomers
A is equal to the number of monomers B).
Monte Carlo simulations were performed according to the
Metropolis algorithm. On the one hand, chain conformations
are sampled to obtain a reasonably low energy conformation.
To generate new conformations, the monomer positions are
randomly modified by elementary random movements: end-
bond, kink-jump, and pivot. On the other hand, to simulate the
titrating behavior, a Grand Canonical ensemble with a fixed
bulk chemical potential for the protons is used to generate
reversible protonation/deprotonation processes: at regular simu-
lation steps, monomers are chosen randomly in the limit of Nm/4
monomers and their charge states are modified. In order to
achieve an efficient conformational relaxation of the chain after
switching on or off charged monomers, the protonation/
deprotonation procedure is less frequent than that of the
monomer movements.
The acceptation of each “trial” is related to the Monte Carlo
Metropolis selection criterion. The energy variation associated
with the probability for accepting a new charge state is the sum
of the change in the electrostatic interaction ΔEc and a term
that corresponds to the change in free energy of the intrinsic
association reaction of a monomer47,48
Figure 1. Two models of chains were considered to investigate chain
flexibility influence. Model 1 consists of a rod-like chain, whereas
model 2 is a flexible chain. The total number of monomers is set to
Nm ) 200 in all simulations. The rod-like cannot change its conforma-
tion during simulations. Negatively charged monomers A are repre-
sented by yellow spheres, whereas positively charged monomers B are
represented by red spheres. Both non-charged monomers A or B are
represented by blue spheres. The case of the octablock polyampholyte
chain at pH ) 0.50 was arbitrarily chosen here.
uel(rij) )
zizje
2
4πr0rijkBT
exp[-κ(rij - (Ri + Rj))]
(1 + κRi)(1 + κRj)
(2)
HAh H + + A- (3)
Ka
A )
[H+ ][A- ]
[HA] (4)
BH+hB + H+ (5)
Ka
B )
[B][H+ ]
[BH+ ]
(6)
R-) (NANm)(1 + [H+ ]KaA )-1 (7)
R+) (NBNm)(1 + KaB[H+ ])-1 (8)
R0 ) (NANm)( [H+][H+] + KaA) + (NBNm)( KaBKaB + [H+ ]) (9)
ΔEtot ) ΔEc (  ln(10)(pH - pKai ) (10)
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where pH is an imposed input parameter. When the monomer
is protonated, the plus sign is used in eq 10 (conversely, when
the monomer is deprotonated, the minus sign is required). The
constant  is equal to +1 or -1 when monomer A (pKai )
pKa
A) or B (pKai ) pKaB) is, respectively, considered.
Results and Discussion
I. Statistical Polyampholytes. In this section, we discuss
simulation results by considering independently three different
primary structures [AnBn]m: (i) a diblock PA with n ) 100 and
m ) 1, (ii) an octablock PA with n ) 25 and m ) 4, and (iii)
an alternating PA with n ) 1 and m ) 100. A balanced
stoichiometry is imposed because η ) 1.00 in all cases and the
interaction parameter u is set to 1.00.
In this section, for the sake of clarity all titrating curves of
polyampholytes (PAs) are compared with the corresponding
ideal curves.
A. Rod-like Polyampholyte. The influence of the primary
structure on the acid/base properties behavior of a rod-like PA
(model 1) that cannot change its conformation during simula-
tions is first investigated. The ionic concentration is fixed to Ci
) 0.001 M to enhance the effects of the electrostatic interactions
between the monomers. The corresponding titration curves are
presented in Figure 3.
Considering first the diblock PA (Figure 3a) and the fraction
of charged monomers A, as expected when pH < pKa
A
, R- is
close to zero because most of the monomers A are uncharged.
By increasing the pH value, the variation of R- as a function
of the pH largely differs from the ideal case. The titration curve
is shifted to the right of the ideal curve, suggesting that higher
pH values are required to obtain a given value of R-. In other
words, to minimize electro-repulsive interactions between the
negatively charged monomers A inside the A block, the charging
process of monomers A is strongly shifted to higher pH values.
Symmetrically, to reduce electro-repulsive interactions of the
positively charged monomers B inside the B block, the
neutralization process of monomers B is strongly shifted to lower
pH values. Owing to the connectivity between the monomers,
monomers charging process is hence strongly reduced, and a
small fraction of neutral monomers is still present when pH )
1/2(pKaA + pKaB). As monomer ionization is not promoted, the
domain of existence of neutral monomers is larger than the ideal
case.
For the sake of clarity for the interpretation and discussion
of titration curves, we define ΔRi as
where Ri
ideal is the fraction of ionized monomers in the ideal
case and Ri
chain is the fraction of ionized monomers in the
polymeric chain at a given pH. When i is negative (positive),
then ω ) -1 (+ 1). As a result, when ΔRi > 0, the inversion
of monomer state of charges is promoted, whereas, when ΔRi
< 0, the inversion of monomer state of charges is not promoted.
The variations of ΔRi as a function of the pH are presented in
Figure 4. In the case of the rod-like diblock PA, when 0.50 <
pH < 6.50, then ΔR- < 0.00 (Figure 4a). The shift is connected
with the increasing difficulty to remove protons from the A
block with the increase of negatively charged groups.31,38 It
Figure 2. (a) Schematic representation of the species present at
different pH conditions. When pKa
A < pH < pKa
B
, both monomer types
are expected to be charged. When pH < pKa
A
, only monomers B are
charged, whereas when pH >pKa
B
, only monomers A are charged
(ideal conditions). (b) Ideal titration curves in absence of electrostatic
interactions. Fractions of positive R+, negative R-, and neutral R0
monomers with R+ + R- + R0 ) 1.00 are represented as a function of
the solution pH. A balanced stoichiometry is imposed.
Figure 3. Titration curves of rod-like polyampholytes. The primary
structures strongly influence the acid/base properties of the rod-like
polyampholyte. Ideal titration curves are also represented to make
comparison with titration curves. By comparison with the ideal titration
curves, it is shown how the PA structures influence the acid/base
properties of the PAs. In particular, alternating structure promotes the
coexistence domain of both negative and positive charges.
ΔRi ) ω(Riideal - Richain) (11)
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should be noted that ΔR- ) 0.00 when pH < 0.50 and pH >
6.50. Thus, in such a pH domain, the PA behaves like the ideal
case. The variation of ΔR+ as a function of the pH, on the other
hand, indicates that ΔR+ g 0.00 when pH < 11.00 because
monomers B are mainly surrounded by monomers having the
same charge. Moreover, ΔR+ is equal to zero when pH > 11.00.
Two particular points have to be considered here when pH
) 0.50, where ΔR- is positive and when pH ) 11.00 where
ΔR+ is negative. These behaviors are due to the heterogeneous
charging process along the diblock PA. For the sake of clarity,
the mean degree of ionization of a monomer 〈Ri(j)〉 as a function
of its position j on the polymer backbone is presented in Figure
5 for different pH values. The variation of 〈R-(j)〉 as a function
of j with 1 e j e 100 indicates that a uniform distribution is
observed when pH ) -2.00. Then, by increasing pH, it is
clearly demonstrated that charges accumulate preferentially near
the already charged B block and at the end of the chain. This
inhomogeneous distribution disappears when the block becomes
fully charged at pH = 6.00, i.e., when the A block is close to
be fully charged. Symmetric observations can be made by
considering the deprotonation of monomer B with 101 e j e
200. Figure 5b demonstrates that neutral monomers preferen-
tially appear in the central part of the B block with the increase
of pH.
Considering the titration curves of an alternating rod-like PA
(Figure 3c), by increasing the pH value, the titration curve of
monomer A is shifted to smaller pH values. The ionization of
monomer A is clearly here made easier by the presence of
neighboring oppositely charged monomers B and with regard
to the variation of ΔR- as a function of pH in Figure 4c (ΔR-
is found g 0.00). On the other hand, at low pH, the fraction of
positively charged monomers R+ is identical to the ideal case.
By furthermore increasing the solution pH, the titration curve
is shifted to larger pH; i.e., the neutralization of monomers B
surrounded by two oppositely charged monomers A is not
favorable. As a result, the variation of ΔR+ as a function of the
pH (Figure 4c) shows that ΔR+ e 0.00 in the whole pH range.
It should be observed that, in the case of an alternating rod-
like PA, in good agreement with experimental observations,45
the net charge is found to be equal to zero in a large range of
pH. Moreover, the domain of existence of neutral monomers is
smaller than the ideal case.
Considering the case of the octablock PA (Figures 3b and
4b), intermediate trends are observed: at small pH values, ΔR-
increases with the increase of the solution pH, then decreases
to reach the 0 value at pH = 2.00 (hence, at this point, the
acid/base properties of monomers are similar to the ideal case)
and achieve negative values. Symmetrically,ΔR+ increases with
the increase of the solution pH, decreases to reach the 0 value,
and then becomes negative. In the case of an octablock rod-
like PA, the net charge is found to be equal to zero in a large
range of pH. Moreover, the domain of existence of neutral
monomers is larger than the ideal case.
Such behaviors clearly demonstrate that (i) the monomers of
one type (A or B) close to charged monomers of the other type
on the PA backbone are preferentially ionized and (ii) charged
neighboring monomers of the same type tend to preferentially
be uncharged.
B. Flexible Polyampholyte. To determine the influence of
conformational changes on titration curves, simulations are
carried out at Ci ) 0.001, 0.01, and 0.1 M using flexible PAs.
Experimentally, viscosity as well as coil size of PAs had a
minima at the isoelectric conditions due to attractive interactions.
On the other hand, out of the isoelectric conditions, both were
found to increase with the increase of net charge because of
the electrostatic repulsions.8-15 The effects of the primary
Figure 4. Variation of ΔRi as a function of the solution pH. Both
rod-like and flexible polyampholytes are considered. When ΔRi > 0.00,
the inversion of monomer state of charge is promoted, whereas it is
not promoted when ΔRi < 0.00. It is shown here how (i) the primary
structure and (ii) the chain flexibility promotes (or not) the charging
process of monomers A and B.
Figure 5. Mean degree of ionization 〈Ri(j)〉 of a monomer j. A diblock
rod-like polyampholyte is here arbitrarily considered. (a) Mean degree
of ionization of a monomer A 〈R-(j)〉 as a function of its position j
when pH ) -2.00, 0.00, 2.00, 3.00, and 6.00. (b) Mean degree of
ionization of a monomer B 〈R+(j)〉 as a function of its position j when
pH ) 6.00, 8.00. 10.00, and 14.00. 〈Ri(j)〉 is rather uniform at small
(symmetrically large pH values) and when pH is close to 1/2(pKaA +
pKa
B). However, accumulation of charge toward PA extremities as
well as at the block junction is observed at intermediate pH conditions.
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structure are also investigated by considering independently the
case of the diblock, octablock, and alternating flexible PAs.
The titration curves of a flexible diblock PA are presented
in Figure 6. Chain flexibility influence is clearly observed by
comparison with Figure 3a at Ci ) 0.001 M (Figure 6a). When
the flexible model is considered, the ionization of monomers
A and B is clearly promoted at a given pH value. Hence, the
variation of ΔRi as a function of pH for model 1 is very different
from model 2 (Figure 4a).
It should be observed that, whatever the primary structure,
flexibility allows the PAs to adopt conformations that optimize
the attractive electrostatic interactions. As a result, all the ΔRi
variations as a function of pH are analogous to the variation of
the alternating rod-like PA. When the pH increases, the inversion
of monomer charge state is promoted until isoelectric conditions
are reached. Then, by furthermore increasing the solution pH,
the inversion of monomer state of charges is made more
difficult. Small differences between the diblock, octablock, and
alternating structures are observed and arise from the different
primary structures, which allow more or less conformational
changes.
To get an insight into the PA structures at various pH and
primary structures, equilibrated conformations are presented in
Table 1 as a function of the pH. It is observed here that important
conformational changes arise with the pH and charge fraction
of the PAs. Indeed, extended as well as coil and collapsed
conformations are observed. To quantitatively characterize
flexible PA conformational changes with the pH, the mean-
square radius of gyration 〈Rg2〉 is calculated and presented in
Figure 7a.
When pH < pKa
A
, the monomers B are fully charged,
whereas the monomers A are not charged. Regarding the flexible
diblock PA, the charged block adopts a stretched conformation,
whereas the second uncharged block adopts a self-avoiding walk
(SAW) conformation (same situation is symmetrically observed
when pKa
B > pH). By increasing the pH, because the fraction
of monomers A is also increasing, to promote from a confor-
mational point of view the electrostatic interactions via ion
pairing, the diblock PA is broken in half through the overlap
of the two blocks and each block is stretched by self-
repulsion30,43 (see Table 1, pH ) 0.00).
On the other hand, regarding the flexible octablock PA, the
repulsions between blocks force the uncharged block to be more
stretched. Then, when only positive or negative monomers are
present, the radii of gyration are larger when octablock and
alternating PA are considered.
In good agreement with experimental observations8-11 and
Higgs and Joanny results,17 chain size is found to be at a
minimum when only positive and negative monomers are
present. The electrostatic interactions create correlations between
charged monomers of opposite signs, and a shell of charges of
the opposite sign tends to appear to surround each charge. The
Figure 6. Titration curves of flexible diblock polyampholyte at various
ionic concentration (a) Ci ) 0.001, (b) Ci ) 0.01, and (c) Ci ) 0.1 M.
As the importance of the electrostatic interactions are controlled by
the ionic concentration, the increase of charge screening makes the
difference between titration curves of PAs and the ideal curves less
important.
TABLE 1: Equilibrated Conformations of Flexible
Polyampholytes at Ionic Concentration Ci ) 0.001 M, η )
1.00, and u ) 1.00 as a Function of Solution pHa
a The primary structure has important effects on the polyampholyte
conformation. In particular, when a diblock is considered, the uncharged
block has a coiled structure, whereas the charged block has an extended
conformation. This is not the case for the alternating polyampholyte
where the homogeneous distribution of charges leads to the formation
of extended conformations. At intermediate pH, the presence of both
positive and negative charges promotes the formation of more compact
conformations. In good agreement with previous works,43,44 at pH )
0.00 and pH ) 2.00, the two blocks overlap each other and they are
stretched by electrostatic repulsions between monomers of same signs.
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radii of gyration of the di- and octablock PAs are equivalent at
the isoelectric point.
When block PAs are considered, it is generally accepted that
globular conformations are achieved when δR is close to 0. In
such conditions, the collapsed volume of the di- and octablock
PAs, Vblock, is found to be equal to 2.45 × 105 Å3 from our
simulations. Vblock is larger than the volume of the completely
close-packed monomers Vclose-packed (theoretically estimated with
N(2Rm)3 ) 7.28 × 104 Å3) but smaller than the Gaussian volume
VGaussian (theoretically estimated with N3/2 (2Rm)3 ) 1.03 × 106
Å3). As Vclose-packed < Vblock < VGaussian, di- and octablock PAs
conformations are termed as “dilute” globules in good agreement
with ref 17.
On the other hand, for the alternating PA, the radius of
gyration is found larger than the di- and octablock PAs at the
isoelectric condition with VGaussian < Valternating ) 2.19 × 106
Å.3 The subtle balance between attractive and repulsive
electrostatic interactions results in the swelling of the alternating
PA chain compared to the di- and octablock PAs.
By arbitrarly considering the case of a flexible diblock PA,
the influence of ionic concentration on titration curves and
conformations is here shortly discussed. In Figure 6 are
presented the corresponding titration curves at different ionic
concentrations. At low ionic concentration, titration curves
change appreciably from the ideal curves because of the
importance of the electrostatic interactions. By increasing the
ionic concentration and thus screening effects, the shifts that
we discused above (i.e., when Ci ) 0.001 M) are attenuated.
As a result, when Ci ) 0.1 M, the titration curves of the diblock
flexible PA lie close to the ideal curves.
The mean-square radius of gyration 〈Rg2〉 of the flexible
diblock PA is calculated and presented as a function of pH in
Figure 7b for different ionic concentration. When only positive
or negative monomers are present, it decreases with the increase
of the ionic concentration. On the other hand, when only positive
and negative monomers are both present, the chain adopts “dilute
globule” conformations. It was shown theoretically and con-
firmed experimentally that the chain expansion of polyam-
pholytes takes place at the isolelectric conditions with increasing
ionic concentration.11,15 In such conditions, Higgs and Joanny17
found that the chain conformation is only significantly affected
by the increase of ionic concentration if the salt concentration
is higher than the concentration of polymeric charges. At pH
) 6.00, in our case, because the concentration of diblock
polymeric charges is equal to 1.35 M, the mean-square radius
of gyration 〈Rg2〉 is not significantly affected by the variation of
the ionic concentration; i.e., 0.001 M e Ci e 0.1 M. This is
clearly demonstrated in Figure 7b.
II. Random Polyampholytes. In this section, we carried out
simulations by considering the case of PAs having a randomly
distribution of A and B monomers to investigate the influence
of the monomer stoichiometry. In the first part, a balanced
stoichiometry (η ) 1.00) is imposed, whereas the stoichiometry
is varied in the second part. The influence of the interaction
parameter u is also investigated by considering two values; i.e.,
u ) 1.00 and u ) 3.57.
A. Balanced Stoichiometry. The obtained titration curves are
very similar whatever the random distribution of monomer type
when Ci ) 0.001 M, u ) 1.00, and η ) 1.00. Titration curves
of an arbitrarily chosen random PA are presented in Figure 8
when (a) a rod-like and (b) a flexible PAs are, respectively,
Figure 7. (a) Mean-square radius of gyration 〈Rg2〉 of the diblock,
octablock, and alternating polyampholytes as a function of pH for
flexible polyampholyte with Nm ) 200 and u ) 1.00. (b) Mean-square
radius of gyration 〈Rg2〉 as a function of pH for a flexible diblock
polyampholyte with Nm ) 200 and u ) 1.00. At low and high pH
values, the PAs achieve stretched conformations, whereas, at intermedi-
ate pH values, polyampholytes achieve more compact structures. Little
influence of ionic concentration is observed in that regime for the
diblock structure.
Figure 8. Titration curves of charged balanced (η ) 1.00) (a) rod-
like alternating and random polyampholytes and (b) flexible alternating
and random polyampholytes. Random and alternating polyampholytes
are compared. In both cases, ionization of both monomers is made easier
for the regularly alternating polyampholytes.
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considered. They are compared with the titration curves of
regularly alternating PAs in the same conditions. The differences
between the random and alternating PAs are expected to arise
from the random distribution of A and B monomers along the
PA backbone. Considering random or alternating PAs, both
titration curves of monomers A are shifted to smaller pH values
and the ionization of monomer A is made easier. On the other
hand, both titration curves of monomers B are shifted to larger
pH values meaning that the neutralization of monomers B is
not favorable. Nonetheless, it should be noted that these effects
are clearly more pronounced when an alternating PA is
considered owing to the regular positive and negative monomer
type distribution, which promotes “short range” electrostatic
interactions.
On the other hand, flexibility clearly allows the chain to adopt
conformation to optimize the “long range” attractive electrostatic
interactions by promoting compact conformations.
B. Unbalanced Stoichiometry. Five different compositions of
flexible random PAs and two interaction parameters u are
considered here: η ) 1.00, 11/9, 3/2, 7/3, and 4.00; u ) 1.00
and u ) 3.57. It should be noted that the total number of
monomer Nm is equal to 200 for any values of η. Moreover, at
a given ratio η, the randomly monomer type distribution is the
same whatever the interaction parameter u. Equilibrated con-
formations at pH ) 6.00 are presented in Table 2.
In qualitatively good agreement with Dobrynin, Rubinstein,
and Joanny,19 when η ) 1.00 and u ) 1.00, PAs adopt close-
to-Gaussian coil conformations. By increasing the charge
asymmetry, the repulsions between the excess of charges stretch
the chain to form extended conformations. By increasing the
interaction parameter to u ) 3.57, when η ) 1.00, the chain
adopts a more spherical globular shape. When η ) 11/9, the
pearl-necklace conformation is observed. Then, by furthermore
increasing the charge asymmetry, the PA chain stretches again.
The variation of the percentage of charged monomers A and
B as a function of η is presented in Figure 9a at pH ) 6.00 and
u ) 1.00. When η ) 1.00, all the monomers, A or B, are
charged. Figure 9a demonstrates that monomers of type A are
fully charged at pH ) 6.00 for every investigated value of η.
On the other hand, due to the importance of both electrostatic
repulsion forces between monomers B and electro-attractive
forces between monomers A-B, the percentage of charged
monomers B slightly decreases when η increases. Due to the
increase of electrostatic interactions, this effect is more pro-
nounced when u ) 3.57 and the percentage of charged
monomers B dramatically decreases with the increase of the
ratio η. Nonetheless, the increase of u does not change the
percentage of charged monomers A.
By considering now the pH of the solution equal to 1.00, the
variation of the percentage of charged monomers A and B as a
function of η is presented in Figure 9b. When u ) 1.00 and η
) 1.00, all monomers B are charged, whereas less than 50% of
monomers A are charged. By adjusting the η value, Figure 9b
shows that monomers of type B are fully charged for every
investigated value of ratio η. On the other hand, due to electro-
attractive effects and the decrease of the total number of
TABLE 2: Equilibrated Conformations of Flexible
Polyampholytes at Ionic Concentration Ci ) 0.001 M and
pH ) 6.00a
a The monomer distribution is random. The polyampholyte composi-
tion η ) NB/NA is adjusted to 1.00, 11/9, 3/2, 7/3, and 4.00. Two
interaction parameters u are considered with u ) 1.00 and 3.57. By
increasing the charge asymmetry, the repulsions between the excess
of charges result in the chain extension, and depending on the interaction
parameter, globular, pearl-necklace, and extended conformations are
observed.
Figure 9. Variation of the percentage of negatively and positively
charged monomers as a function of ratio η ) NB/NA when a flexible
random polyampholyte is considered. It is clearly observed that the
charging process of a weak random PA chain strongly depends on the
solution pH, the interaction parameter u, and the stoichiometry. When
an excess of monomer B is considered, the corresponding percentage
of charged monomers is decreasing, whereas the percentage of charged
monomers A is observed to increase.
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monomers A, the percentage of charged monomers A increases
when η increases. This is in good agreement with the experi-
mental work that investigated the potentiometric behavior of
several PAs with different compositions of 2-vinylpyridine and
methacrylic acid.12 It was found that increasing the acid content
caused a larger dissociation of the basic groups.
When u ) 3.57, electro-attractive effects are strong and all
the monomers A are charged in the whole investigated range
of η. Once again, because charge distances are decreased, hence
promoting repulsive electrostatic effects, the percentage of
charged monomers B decreases when η increases. It is then
clearly demonstrated that the charging process of a weak random
PA chain strongly depends on (i) the solution pH, (ii) the
interaction parameter u, and (iii) the stoichiometry. McCormick
and Salazar13 similarly showed that the effects of composition
on the viscosity depend of the ionic concentration. Indeed,
significant differences due to composition were found at low
ionic concentration, where the effect of the electrostatic balance
is strong.
Conclusions
In this paper, the acid/base properties and titration curves of
a weak polyampholyte chain were investigated using Monte
Carlo Simulations and a coarse-grained model. The coarse-
grained model used here has no direct connection to any specific
polyampholyte. It is a generic model retaining only features
common to a class of polyampholytes. Two different types of
monomers were considered: a weak acid (type A with pKaA )
2.17) and a weak base (type B with pKaA ) 9.53). Depending
on the solution pH, monomers A were either negatively charged
or uncharged, whereas monomers B were positively charged
or uncharged.
Considering rod-like polyampholytes, primary structures were
found to play a key role in the acid/base properties of the chains.
A heterogeneous charging process along the rod-like polyam-
pholytes was put in evidence, and it was clearly demonstrated
that charges accumulate preferentially near already charged
monomers of opposite charges and at the chain or block
extremities. It was shown that flexibility allows the polyam-
pholytes to optimize ion pairing by adopting dense conformation
in the isoelectric conditions. Ionization of monomers was
observed to be promoted, and only small differences between
the different primary structures of polyampholytes were noted.
It was clearly demonstrated that the charging process of a weak
polyampholyte chain strongly also depends on the interaction
parameter and monomer stoichiometry. By increasing the charge
asymmetry, the repulsions between the excess of charges
resulted to the chain extension, and depending on the interaction
parameter, cross-linked and pearl-necklace conformations were
observed.
It is shown that computer simulations can isolate, in good
agreement with experimental and analytical theory, the factors
that control the acid/base properties of polyampholyte chains
and, thus, help to address the optimization of polyampholyte
solutions where polyampholytes electric properties and confor-
mations are expected to play a key role. Two monomer types
having characteristic pKa values were used, but the model could
be extended to consider several types of monomers with specific
pKa values so as to mimic the behavior of biopolymers.
Acknowledgment. We express our thanks to Professor M.
Borkovec, Professor J. Buffle, Dr. A. Laguecir, and Dr. N.
Parthasarathy for their encouragements and stimulating discus-
sions. We also gratefully acknowledge the financial support
received from the Fond National Suisse (200020-101974/1).
References and Notes
(1) Cooper, C. L.; Dubin, P. L.; Kayitmazer, A. B.; Turksen, S. Curr.
Opin. Colloid Interface Sci. 2005, 10, 52.
(2) Dobrynin, A. V.; Colby, R. H.; Rubinstein, M. J. Polym. Sci., Part
B: Polym. Phys. 2004, 42, 3513.
(3) Dobrynin, A. V.; Rubinstein, M. Prog. Polym. Sci. 2005, 30, 1049.
(4) Spalla, O. Curr. Opin. Colloid Interface Sci. 2002, 7, 179.
(5) Kudaibergenov, S. E. AdV. Polym. Sci. 1999, 144, 115.
(6) Kudaibergenov, S. E. Polyampholytes: Synthesis, Characterization
and Application; Kluwer Academic/Plenum Publishers: Dordrecht, The
Netherlands, 2002.
(7) Lairez, D.; Pauthe, E.; Pelta, J. Biophys. J. 2003, 84, 3904.
(8) Alfrey, T., Jr.; Morawetz, H. J. Am. Chem. Soc. 1952, 74, 436.
(9) Alfrey, T., Jr.; Fuoss, R. M.; Morawetz, H.; Pinner, H. J. Am. Chem.
Soc. 1952, 74, 438.
(10) Strauss, U. P.; Chiao, Y. C. Macromolecules 1986, 19, 355.
(11) Vedikhina, L.; Kurmaeva, A.; Tukhvatullin, R.; Barabanov, W. J.
Polym. Sci., Part B: Polym. Phys. 2000, 38, 1824.
(12) Katchalsky, A.; Miller, I. R. J. Polym. Sci. 1954, 13, 57.
(13) McCormick, C. L.; Salazar, L. C. Macromolecules 1992, 25, 1896.
(14) Corpart, J. M.; Candau, F. Macromolecules 1993, 26, 1333.
(15) Zheng, G.-Z.; Meshitsuka, G.; Ishizu, A. J. Polym. Sci., Part B:
Polym. Phys. 1995, 33, 867.
(16) Edwards, S. F.; King, P. R.; Pincus, P. Ferroelectrics 1980, 30, 3.
(17) Higgs, P. G.; Joanny, J. F. J. Chem. Phys. 1991, 94, 1543.
(18) Wittmer, J.; Johner, A.; Joanny, J. F. Europhys. Lett. 1993, 24,
263.
(19) Dobrynin, A. V.; Rubinstein, M.; Joanny, J.-F. Macromolecules
1997, 30, 4332.
(20) Victor, J. M.; Imbert, J. B. Europhys. Lett. 1993, 24, 189.
(21) Kantor, Y.; Kardar, M. Europhys. Lett. 1994, 27, 643.
(22) Kantor, Y.; Kardar, M.; Li, H. Phys. ReV. E 1994, 49, 1383.
(23) Kantor, Y.; Kardar, M. Phys. ReV. E. 1995, 51, 1299.
(24) Srivastava, D.; Muthukumar, M. Macromolecules 1996, 29, 2324.
(25) Tanaka, M.; Grosberg, A. Y.; Pande, V. S.; Tanaka, T. Phys. ReV.
E. 1997, 56, 5798.
(26) Soddemann, T.; Schiessel, H.; Blumen, A. Phys. ReV. E. 1998, 57,
2081.
(27) Yamakov, V.; Milchev, A.; Jorg, Limbach, H.; Dunweg, B.;
Everaers, R. Phys. ReV. Lett. 2000, 85, 4305.
(28) Jeon, J.; Dobrynin, A. V. Phys. ReV. E. 2003, 67, 061803/1.
(29) Lord Rayleigh. Philos. Mag. 1882, 14, 184.
(30) Kantor, Y.; Li, H.; Kardar, M. Phys. ReV. Lett. 1992, 69, 61.
(31) Katchalsky, A.; Shavit, N.; Eisenberg, H. J. Polym. Sci. 1954, 13,
69.
(32) Mandel, M. Eur. Polym. J. 1970, 6, 807.
(33) Mandel, M. Polyelectrolytes. In Encyclopedia of Polymer Science
and Engineering; Kroschwitz, J., Ed.; Wiley: New York, 1987; Vol. 11,
pp 739.
(34) Ulrich, S.; Laguecir, A.; Stoll, S. J. Chem. Phys. 2005, 122, 94911.
(35) Reed, C. E.; Reed, W. F. J. Chem. Phys. 1992, 96, 1609.
(36) Ullner, M.; Woodward, C. E. Macromolecules 2000, 33, 7144.
(37) Hooper, H. H.; Beltran, S.; Sassi, A. P.; Blanch, H. W.; Prausnitz,
J. M. J. Chem. Phys. 1990, 93, 2715.
(38) Ulrich, S.; Laguecir, A.; Stoll, S. Macromolecules 2005, 38, 8939.
(39) Laguecir, A.; Ulrich, S.; Labille, J.; Fatin-Rouge, N.; Stoll, S.;
Buffle, J. Eur. Polym. J. 2006, 42, 1135.
(40) Ulrich, S.; Seijo, M.; Laguecir, A.; Stoll, S. J. Phys. Chem. B 2006,
110, 20954.
(41) Ulrich, S.; Seijo, M.; Stoll, S. Curr. Opin. Colloid Interface Sci.
2006, 11, 268.
(42) Chodanowski, P.; Stoll, S. J. Chem. Phys. 1999, 111, 6069.
(43) Varoqui, R.; Tran, Q.; Pefferkorn, E. Macromolecules 1979, 12,
831.
(44) Wang, Z.; Rubinstein, M. Macromolecules 2006, 39, 5897.
(45) Masuda, S.; Minagawa, K.; Tsuda, M.; Tanaka, M. Eur. Polym. J.
2001, 37, 705.
(46) Verwey, E. J. W.; Overbeek, J. T. G. Theory of the Stability of
Lyophobic Colloids; Mineola: Dover, DE, 1999.
(47) Reed, C. E.; Reed, W. F. J. Chem. Phys. 1991, 94, 8479.
(48) Ullner, M.; Jo¨nsson, B.; Widmark, P. O. J. Chem. Phys. 1994, 100,
3365.
Monte Carlo Study of Weak Polyampholytes J. Phys. Chem. B, Vol. 111, No. 29, 2007 8467
189
 
  
 
 
 
Chapter VIII 
Conclusions and Perspectives 
 
 
 
 
 
  
The purpose of the present thesis was to investigate the conformations and the acid/base 
properties of a linear weak polyelectrolyte by Monte Carlo simulations under various 
conditions. For that purpose, a generic model of polymeric acid has been considered as an 
example of weak polyelectrolyte. 
Since an overview of the general trends is difficult to achieve, owing to the multitude of 
possible adjusting parameters, computer simulations were employed. They allow gaining an 
insight into weak polyelectrolyte properties using a systematic approach. This work illustrates 
how powerful the simulation techniques are.  
 
The conformational changes of an isolated weak, flexible polyelectrolyte were first 
considered. The analysis of quantities such as the end-to-end distance and the mean-square 
radius of gyration variations demonstrates that large changes occur in the chain dimensions 
during the titration process and permits to describe conformations from a quantitative point of 
view.  
Flexible polyelectrolyte chains in a good solvent lead to a progressive swelling of the chain 
with the increase of the degree of ionization, α. Moreover, in agreement with experimental 
observations, a continuous increase of the apparent pK of a weak polymeric acid with 
increasing α was also observed. The increasing difficulty of removing protons with the 
increase of α is due to an increase of electrostatic repulsions between the charged monomers. 
Screening effects were observed with the increase of the ionic concentration. It was shown 
that the increase of chain stiffness promotes polyelectrolyte expansion, and ionization was 
found to be easier.  
 
The competition between electrostatic repulsions and attractive interactions were investigated 
in two papers considering both weak hydrophobic interactions (Paper I) and polyampholytes 
(Paper VII). The relative importance of the two competing effects was controlled through the 
solution property by adjusting the pH or the ionic concentration. Depending on the solvent 
quality for polymer backbone and pH-pK0 value, a hydrophobic polyelectrolyte chain could 
have five different conformational states: coil; collapsed spherical globule; pearl-necklace 
globule; cigar-like aggregate; and fully stretched chain. 
Paper I shows that pearl-necklace structures can be stable in weak polyelectrolytes when α is 
close to one and when the solvent quality is sufficiently poor. Pearl-necklace was also 
observed when weak polyampholytes (Paper VII) were considered. Nonetheless, attractive 
193
interactions lead to a sharp conformational transition in titration curves accompanied by the 
formation of pearl-necklace structures. Such a sharp conformational transition was not 
observed when polyampholytes were considered.  
Considering rod-like polyampholytes, primary structures were found to play a key role onto 
the acid/base properties of the chains. It was clearly demonstrated that charges accumulate 
preferentially near already charged monomers of opposite charges and at the chain or block 
extremities. It was shown that flexibility allows the polyampholytes to optimize ion pairing by 
adopting dense conformations. Ionization of monomers was observed to be promoted and 
only small differences between the different primary structures of polyampholytes were 
noted.  
 
Papers II through VI deal with a topic of high scientific and practical domain: the 
polyelectrolyte and oppositely charged nanoparticle(s) complexation. Special emphasis is put 
on the complexation between polyelectrolyte and nanoparticle(s) influence on polyelectrolyte 
conformation and acid/base properties. The effects of many relevant parameters on structures 
of polyelectrolyte/nanoparticle and neutralization characteristics of weak polyelectrolytes 
were investigated leading to a better understanding of complexation phenomena controlled by 
the subtle attraction/repulsion balance: i) the attractive interaction between the charged 
polyelectrolyte monomers; ii) the increase of the electrostatic repulsions along the 
polyelectrolyte chain with the increase of the pH which limits the polyelectrolyte degree of 
ionization and promotes chain expansion; iii) the ionic concentration which decreases the 
attractive interaction between the polyelectrolyte and the nanoparticle but promotes the 
polyelectrolyte ionization degree; and iv) chain stiffness which promotes chain expansion and 
ionization but penalizes polyelectrolyte adsorption at the nanoparticle surface. As a result, a 
multitude of possible conformations (solenoid, rosette conformations, conformations 
presenting protruding tails in solution, etc.) were achieved.  
The analysis of the titration curves clearly demonstrates that the presence of an oppositely 
charged nanoparticle can profoundly affect the acid/base properties of a polyelectrolyte by 
promoting chain ionization. The enhanced dissociation of polyelectrolyte monomers in the 
vicinity of the nanoparticle surface leads to stronger complexes.  
As a polyelectrolyte can be adsorbed at the surface of different nanoparticles such as in 
flocculation processes, the polyelectrolytes may act as a bridge between several nanoparticles. 
The balance between monomer/nanoparticle attractive interactions and repulsions due to 
monomer/monomer and nanoparticle/nanoparticle interactions were clearly illustrated. The 
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case of a fully charged rod-like polyelectrolyte with several nanoparticles was investigated. 
Stiffness was found to be an important parameter since flexible polyelectrolytes in the 
presence of several nanoparticles act as polymeric glue promoting the formation of dense 
structures. However, the maximum number of adsorbed nanoparticles is significantly less than 
in the rod-like polyelectrolyte case.  
 
Electrostatic interactions are treated on the Debye-Hückel level, which is an acceptable 
approximation as the maximum polyelectrolyte linear charge density is quite low. 
Nonetheless, by reducing the charge/charge distance in our polyelectrolyte model, since the 
Manning parameter ε is less than 1, counterions should be explicitly considered. Such an 
approach will greatly increases the total number of elements (monomers, nanoparticles, 
counterions, etc..) and concomitantly CPU time.  Moreover, short-ranges interactions owing 
to the low permittivity of the polymer backbone should be taken into account when weak 
polyelectrolytes are considered.  
We investigated, by Monte Carlo simulations, experimental titrations and Fluorescence 
Correlation Spectroscopy experiments, the conformational and electrical properties of 
polyacrylic acids (Laguecir et al., 2006). It was found that for a large range at intermediate 
polyacrylic acid ionizations, a good correlation is obtained between experimental and 
simulations data. In the future, more efforts should be done to relate simulation results with 
existing experiments.  
Most of the possible structures have been theoretically and numerically identified and 
characterized, and significant advances have been made in understanding the role of the 
electrostatic attractive and repulsive interactions between polyelectrolyte and oppositely 
charged nanoparticles. Probably a more refined description of the nanoparticle is still needed 
to account for surface charge heterogeneities, charge regulation processes, and different 
nanoparticle geometries. Some of them were investigated in this thesis by considering several 
nanoparticle sizes and surface charge density.  
Recently, the surface site distribution and the dielectric discontinuity effects on acid/base 
properties of a spherical weak nanoparticle were investigated (Seijo et al., 2006). If the 
electrostatic repulsions between charges on neighboring sites limit the titrating nanoparticle 
charge during titration; the situation is more complicated when a dielectric discontinuity is 
considered, since each charge is interacting with its neighbors but also with its own image 
charge and image charges of all neighbors. The distribution of sites also plays a crucial role 
on the charging process and points out the importance of competing interactions between 
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Coulombic interactions and the reaction field. At the moment, the influence of salt 
concentration on such parameters is under consideration (Seijo et al., 2007a). A possible 
direction for more future work concerns the study of the influence of the nanoparticle 
dielectric discontinuity on polyelectrolyte adsorption (Seijo et al., 2007b).  
Simulations by the Monte Carlo method of a system with several polyelectrolytes and 
nanoparticles would also be desirable to study the selectivity of the adsorption phenomena of 
adsorption in the case of mixtures of polydisperse chains, the interactions between 
nanoparticles covered with polymers and floc formation.  
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Appendix 
 
 
 
 
 
  
Simulation Parameters 
 
Table A.III.1.     
Number of monomer N 80  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1  
Degree of ionization α 1.00  
Rigidity parameter kang 0.02 [kBT/deg2] 
Number of nanoparticle Nnpbox 1  
Nanoparticle radius Rnp 35.7 [Å] 
Surface charge density σ +100 [mC/m2] 
Ionic concentration Ci 0.001 [M] 
Temperature T 298 [K] 
 
 
Table A.III.2.     
Number of monomer N 200  
Monomer radius Rm 3.57 [Å] 
pH-pK0  3.25  
Rigidity parameter kang 0.02 [kBT/deg2] 
Number of nanoparticle Nnpbox 16  
Nanoparticle radius Rnp 35.7 [Å] 
Surface charge density σ +100 [mC/m2] 
Ionic concentration Ci 0.001 [M] 
Temperature T 298 [K] 
 
 
Table A.IV.1.     
Number of monomer N 80  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1  
Degree of ionization α 1.00  
Ionic concentration Ci 0.001, 0.01, 0.1 [M] 
Temperature T 298 [K] 
 
 
Table A.IV.2.     
Number of monomer N 20, 40, 80, 120, 200  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1  
Degree of ionization α 1.00  
Ionic concentration Ci 0.001, 0.01, 0.1 [M] 
Temperature T 298 [K] 
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Table A.IV.3.     
Number of monomer N 200  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z 0, -1  
Degree of ionization α 0.00, 0.20, 0.40, 0.60, 0.80, 1.00  
Ionic concentration Ci 0.001, 0.01, 0.1 [M] 
Temperature T 298 [K] 
 
 
Table A.IV.4.     
Number of monomer N 20, 40, 80, 120, 160, 200, 300  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z 0  
Degree of ionization α 0.00  
Ionic concentration Ci 0.00 [M] 
Temperature T 298 [K] 
 
 
Table A.IV.5.     
Number of monomer N 200  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1  
Degree of ionization α 1.00  
Rigidity parameter kang 0.00, 0.0005, 0.001, 0.005, 0.01, 0.02, 0.04 [kBT/deg2] 
Ionic concentration Ci 0.001, 0.01, 0.1 [M] 
Temperature T 298 [K] 
 
 
Table A.IV.6.     
Number of monomer N 200  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z 0, -1  
Degree of ionization α 0.00, 1.00  
Rigidity parameter kang 0.00, 0.01, 0.04 [kBT/deg2] 
Ionic concentration Ci 0.001 [M] 
Temperature T 298 [K] 
 
 
Table A.IV.7.     
Number of monomer N 20, 40, 80, 120, 160, 300  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z 0  
Degree of ionization α 0.00  
Van der Waals parameter εvdW 1.00 [kBT] 
Temperature T 298 K 
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Table A.IV.8.     
Number of monomer N 80  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z 0   
Degree of ionization α 0.00  
Van der Waals parameter εvdW 0.00, 0.50, 0.55, 1.00  [kBT] 
Temperature T 298 [K] 
 
 
Table A.IV.9.     
Number of monomer N 80  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1  
Degree of ionization α 1.00  
Van der Waals parameter εvdW 1, 2, 3, 4, 5 [kBT] 
Ionic concentration Ci 0.001, 0.01, 0.1 [M] 
Temperature T 298 [K] 
 
 
Table A.IV.10.    
Number of monomer N 40, 60, 80, 100, 160  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1   
Degree of ionization α 1.00  
Van der Waals parameter εvdW 5 [kBT] 
Ionic concentration Ci 0.001 [M] 
Temperature T 298 [K] 
 
Table A.IV.11.    
Number of monomer N 20, 40, 200, 300  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1   
pH solution pH-pK0 [-2.00, -1.25, ..., 4.75, 5.50]  
Ionic concentration Ci 0.001 [M] 
Temperature T 298 [K] 
 
 
Table A.IV.12.    
Number of monomer N 200  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1   
pH solution pH-pK0 [-2.00, -1.25, .., 4.75, 5.50]  
Rigidity parameter kang 0.00,  0.001, 0.02 [kBT/deg2] 
Ionic concentration Ci 0.001 [M] 
Temperature T 298 [K] 
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 Table A.V.1.    
Number of monomer N 100  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1   
Degree of ionization α 1.00  
Number of nanoparticle Nnpbox 1  
Nanoparticle radius Rnp 35.7 [Å] 
Surface charge density σ +[1, 3, 5, …, 99, 101] [mC/m2] 
Ionic concentration Ci 0.001, 0.003, 0.005, 0.007, 0.01, 0.03, 0.05, 0.07, 
0.1 
[M] 
Temperature T 298 [K] 
 
 
Table A.V.2.    
Number of monomer N [20, 22, 24, ..., 176]  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1   
Degree of ionization α 1.00  
Number of nanoparticle Nnpbox 1  
Nanoparticle radius Rnp 35.7 [Å] 
Surface charge density σ +100 [mC/m2] 
Ionic concentration Ci 0.00 [M] 
Temperature T 298 [K] 
 
 
Table A.V.3.     
Number of monomer N 200  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1   
Degree of ionization α 1.00  
Number of nanoparticle Nnpbox 1  
Nanoparticle radius Rnp 35.7 [Å] 
Surface charge density σ +10, +50, +100 [mC/m2] 
Ionic concentration Ci 0.001, 0.01, 0.1 [M] 
Temperature T 298 [K] 
 
 
Table A.V.4.    
Number of monomer N 20, 40, 80, 120, 200  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1   
Degree of ionization α 1.00  
Number of nanoparticle Nnpbox 1  
Nanoparticle radius Rnp 35.7 [Å] 
Surface charge density σ +50 [mC/m2] 
Ionic concentration Ci 0.001, 0.003, 0.01, 0.03, 0.1 [M] 
Temperature T 298 [K] 
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Table A.V.5.    
Number of monomer N 120  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1   
Degree of ionization α 1.00  
Number of nanoparticle Nnpbox 1  
Nanoparticle radius Rnp 7.14, 17.85, 35.7, 53.55, 89.25 [Å] 
Surface charge density σ +50 [mC/m2] 
Ionic concentration Ci 0.001, 0.003, 0.01, 0.03, 0.1 [M] 
Temperature T 298 [K] 
 
 
Table A.V.6.    
Number of monomer N 100  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1   
Degree of ionization α 1.00  
Rigidity parameter kang 0.00, 0.0005, 0.001, 0.005, 0.01, 0.02, 0.04 [kBT/deg2] 
Number of nanoparticle Nnpbox 1  
Nanoparticle radius Rnp 35.7 [Å] 
Surface charge density σ +100 [mC/m2] 
Ionic concentration Ci 0.001, 0.003, 0.01, 0.03, 0.1 [M] 
Temperature T 298 [K] 
 
 
Table A.VI.1.    
Number of monomer N 200  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1   
Degree of ionization α 1.00  
Number of nanoparticle Nnpbox 16, 20  
Nanoparticle radius Rnp 35.7 [Å] 
Surface charge density σ +100 [mC/m2] 
Ionic concentration Ci 0.001 [M] 
Temperature T 298 [K] 
 
 
Table A.VII.1.    
Number of monomer N 200  
Monomer radius Rm 3.57 [Å] 
Charge of a monomer z -1, 0, +1  
pH
 
 -2.00, 2.00, 6.00, 10.00, 14.00  
Ionic concentration Ci 0.001 [M] 
Temperature T 298 [K] 
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